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Abstract

Configurational disorder of ions in solids often
play key roles in determining the properties of
functional materials. A natural way to obtain ther-
modynamically relevant structures from the com-
binatorially increasing number of configurations in
multicomponent systems is to combine computa-
tional statistical physics methods such as Metropo-
lis sampling with ab initio methods. Since ab ini-
tio methods incur high computational costs, the
usual approach is to fit ab inito datasets to low-
cost models such as cluster expansion, then use
those models for sampling. However, obtaining re-
liable low-cost models for complex oxide systems
have turned out to be challenging. To circumvent
this problem, we have recently been examining
the feasibility of direct sampling on ab initio ener-
gies, as well as turning to more flexible neural net-
work models as an alternative to cluster expansion.
Here, we review some of our recent works in this
direction; we also introduce our open source code
abICS, which is designed to harness the computa-
tional capacity of modern supercomputers to per-
form configurational sampling on complex multi-
component systems.

1 Introduction

Functional materials for various applications in-
cluding energy conversion, nanoelectronics de-
vices, and structural materials exhibit varying lev-
els of configurational disorder which depend on
the details of materials processing including tem-

perature and chemical potentials. Such disorder
often plays significant roles in determining mate-
rials properties, and many materials in e.g., bat-
tery or magnet applications utilize impurities to
cause disorder on purpose so as to obtain desirable
properties. Thus, the ability to simulate such dis-
order as a function of temperature should be im-
mensely helpful for prediction and design of prop-
erties in materials with realistic levels of disorder.
To achieve this, it is necessary to perform suffi-
cient thermodynamic sampling based on statisti-
cal mechanics. First-principles molecular dynam-
ics is the method of choice for sampling quickly-
relaxing (e.g., liquid) systems, but it is nearly use-
less for sampling solid state systems with very
high energy barriers between different configura-
tions. On the other hand, Monte Carlo methods
are not limited by realistic relaxation time scales
since they can employ “unphysical” trial steps such
as swapping of atom positions. However, stan-
dard Metropolis Monte Carlo sampling can still get
trapped in local minima, and it is usually not effi-
cient enough to allow for a direct combination with
first-principles calculations. Thus, many workers
have opted to first derive lightweight models from
first-principles calculations, then use those models
for Monte Carlo sampling.

For modeling of systems that can be mapped
to a lattice (i.e., crystalline systems with config-
urational disorder), the cluster expansion approach
has seen much success [1–8]. This method ex-
pands the total energy in terms of “clusters” of
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Figure 1: Clusters within the conventional BCC
cell. From Chang et al. [8] (Creative Commons
Attribution License 3.0, https://doi.org/10.
1088/1361-648X/ab1bbc).

atoms (Fig. 1):

E(~σ) =
∑
α

mαVαΦα(~σ), (1)

where α denotes empty, single, and multi-
component clusters, mα is the cluster multiplicity,
and ~σ is the occupation vector. Φα is the cluster
basis function, which for a binary system takes the
simple form of

Φα(~σ) =
∏
p∈α

σp, (2)

where p are site indices and σp = ±1 depending
on which component occupies site p. Vα is the ef-
fective cluster interaction (ECI), which represents
the contribution of each cluster to the total energy.
This model reduces to the classical Ising model
when considering only nearest neighbor pair clus-
ters. The ECIs are usually obtained by fitting to en-
ergies of relaxed structures from many small-scale
first-principles density functional theory (DFT)
calculations, then used to perform Monte Carlo
sampling on a larger cell.

The efficiency of the cluster expansion approach
depends on the ability to quantitatively reproduce
configuration energies using as few clusters (and
corresponding ECIs) as possible. This is rarely
an issue for simple two-component metallic alloys
where considering only near-neighbor interactions

often leads to sufficient accuracy. However, com-
plex systems such as multicomponent oxides often
require many clusters due to longer range coulomb
interactions as well as complicated strain patterns.
In addition to this, increasing the number of com-
ponents (i.e., ion types) leads to a combinatorial in-
crease in the number of clusters which makes clus-
ter expansion computationally unfeasible. Another
issue that has been recognized when using cluster
expansion is that surface calculations require many
more clusters than bulk calculations for sufficient
accuracy [9].

There are two possible ways to tackle the above
issue. One approach is to bypass the use of mod-
els and sample directly on first-principles ener-
gies. Although this approach is computationally
expensive as mentioned above, the use of paral-
lel sampling algorithms combined with modern-
day supercomputers have made it just barely fea-
sible in recent years. Another approach is to uti-
lize recently-developed machine-learning models
which is expected to be more flexible than the clus-
ter expansion model. We have been working on
both fronts; we will review some of the literature as
well as our recent developments on the former ap-
proach in Sec. 2 and the latter approach in Sec. 3.
A software framework that incorporates these de-
velopments, which we have named ab Initio Con-
figuration Sampling Toolkit, or abICS for short, is
introduced in Sec. 5.

2 Direct coupling of first-
principles calculations with
replica exchange sampling [10]

There have already been some reports of first-
principles Monte Carlo simulation in the litera-
ture, but they were limited to relatively simple
and quickly relaxing systems where first-principles
molecular dynamics may be just as efficient [11,
12]. The issue, as noted above, is the tendency
to get stuck in local minima, especially at low
temperatures. One may think that with the in-
crease in computer power available to researchers
today, simply performing many Metropolis sam-
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pling calculations in parallel would lead to a suffi-
cient number of samples for obtaining statistically
relevant results. However, such embarrassingly
parallel sampling is useless if each parallel image
cannot achieve equilibrium. The reason for get-
ting trapped in local minima is that the Metropo-
lis algorithm samples the canonical ensemble; a
given configuration is sampled with a probability
proportional to exp(−βE), where β is the inverse
temperature and E is the energy of the configura-
tion. Thus, configurations residing at or near en-
ergy barriers on the potential energy surface will
rarely be accepted and the difficulty to cross such
energy barriers increases exponentially with βE.

This is where the so-called extended ensemble
sampling comes to the rescue. Using histogram
reweighting [13], it is possible, in theory, to con-
vert between arbitrary ensembles. Thus, we are not
limited to sampling in a single canonical ensemble
at a given temperature, and this allows for choos-
ing ensembles that can avoid the minima trapping
issue. For example, one can choose to sample
an ensemble where each configuration is realized
with probabilities proportional to the inverse of the
density of states. This is the idea behind multi-
canonical [14] and Wang-Landau [15] methods. In
fact, the Wang-Landau method was recently used
successfully in combination with order-N first-
principles Korringa-Kohn-Rostoker approach (al-
beit without structural relaxation) to calculate the
order-disorder transition in a 250-atom CuZn su-
percell [16].

On the other hand, we have been working ex-
tensively on combining first-principles calculation
with another popular extended ensemble method,
i.e., the replica exchange Monte Carlo (RXMC)
method [17]. This approach considers an ensem-
ble of Nrep replicas of a given system at Nrep dif-
ferent temperatures. Each replica is simulated in
the canonical ensemble, so the low temperature
replicas would still have the minima trapping is-
sue. However, the problem is alleviated by al-
lowing swaps of temperatures between replicas ac-
cording to the following Metropolis criterion for

Figure 2: Schematic of our scheme for coupling
the RXMC method with DFT codes. Reproduced
from Ref. [10]

the ensemble of Nrep replicas:

P = min{1, exp[(βi − β j)(Ei − E j)]}. (3)

Here, i and j are the indices of the replicas attempt-
ing the swap, and βi( j) and Ei( j) are the inverse tem-
peratures and energies of each replica. Accord-
ing to this criterion, a replica with lower energy
will be assigned progressively lower energies, and
vice versa. Essentially, a high-temperature replica
is given the task of a global scan of configuration
space; when it finds a new local minimum, it will
be assigned a lower temperature and will perform a
more careful search within the newly found energy
basin. In this manner, the RXMC method provides
a good balance between global search and local op-
timization. At the same time, the canonical ensem-
bles are easily recovered by collecting the replicas
at each temperature.

Figure 2 shows our computational scheme.
There are Nrep Metropolis samplers running at dif-
ferent temperatures; the samplers are coded us-
ing python and parallelized using mpi4py [18–20].
At each Metropolis step, each sampler performs a
swap between atoms of different types (possibly
including vacancies), prepares input files for the
specified DFT code, and spawns parallel DFT pro-
cesses using MPI-2 dynamic process management,
i.e., the MPI COMM SPAWN function. The DFT
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Figure 3: Comparison of the degree of inversion
as a function of temperature calculated by CE-
SPCM (Seko et al. [21]; circles), the present ap-
proach (randomly initialized: squares; initialized
with an ordered spinel structure: triangles and
experimental neutron diffraction data [22]). The
spinel structure is shown in the inset. Reproduced
from Ref. [10] with addition of neutron diffraction
data.

processes perform local structural relaxation and
energy calculation, then the results are read au-
tomatically by the sampler to determine whether
to accept or reject the new configuration. The
samplers also attempt temperature swaps between
replicas at preset intervals according to Eq. 3. This
multilayered parallelism over replicas and DFT
processes makes it ideal for harnessing the power
of modern-day parallel supercomputers.

As a first benchmark for testing the feasibility
of this approach, we chose to calculate the de-
gree of cation disorder in MgAl2O4 spinel oxide
[10]. Spinel oxides have a general formula of
A(II)B(III)2O3 with A (B) representing a divalent
(trivalent) cation, and are of interest in magnetic
(spintronic) and electronic applications as well as
mineralogy. The structure is shown in Fig. 3. Usu-
ally, the divalent cation occupies the tetrahedral
sites and the trivalent cation occupies the octahe-
dral sites. However, some inversion between the
sites can occur, and some A(II)–B(III) combina-
tions are known to exhibit completely inverse or-
dering, where all trivalent cations occupy the oc-

tahedral sites. The degree of inversion (DOI) is
quantified by the ratio of divalent cations at octa-
hedral sites. Seko and coworkers have performed
calculations of the DOI in several spinels using
cluster expansion [4, 21], and we took their result
for MgAl2O4 as reference. We employed a cal-
culation supercell containing 16 Mg, 32 Al, and
64 O atoms, and sampled the configuration of Mg
and Al on the cation sublattice. No disorder on
the O sublattice was considered. We performed
two separate RXMC runs to check for convergence
and initial configuration dependence; one run was
initialized with random configurations and another
was initialized from the ordered spinel configura-
tion. We used 16 replicas spaced evenly between
600 and 1500 K and performed 16750 steps for
the randomly initialized run and 13000 steps for
the run initialized from the ordered configuration.
This amounts to roughly 4000 node hours for each
run on System C (enaga) at ISSP which has two
Xeon Gold 6148 processors per node. Figure 3
compares the calculated DOI vs. temperature for
the two runs as well as that obtained by a cluster
expansion model augmented by a screened point
charge model. We find the results to be virtually
identical, showing that sufficient sampling steps
were performed and it is indeed feasible to per-
form such calculations on meaningfully large su-
percells without resorting to fitted models. More-
over, the RXMC calculation initialized in the ran-
dom configuration discovered the ground state or-
dered spinel configuration within 300 steps. We
think this is rather impressive considering that
there are 48C16 = 2254848913647 possible config-
urations, and attests to the efficiency of the RXMC
method not only as a sampler but also as an opti-
mizer. We also note that the deviation from exper-
iment at lower temperature is seen in both our cal-
culation and Seko’s. This is most likely due to the
low mobility of cations at low temperature which
inhibits the equilibration in the experiment.
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Figure 4: The structure of the HDNNP. The
atomic coordinates are converted to a rotationally
and translationally invariant environment descrip-
tor before feeding in to the neural network.

3 Accelerated sampling utilizing a
neural network model combined
with active learning [23]

Although direct sampling using DFT-relaxed en-
ergies was shown to be feasible as detailed above,
the amount of required computer resources is quite
large, taking several days to a week to sample just
one composition on a modern supercomputer. A
much higher throughput is necessary to enable ma-
terials design based on such simulations. Also,
because of the computational cost of DFT calcu-
lations, it is not feasible to go beyond a system
size of about one hundred atoms and perform suf-
ficient numbers of sampling steps. This is a prob-
lem when treating systems with, e.g., dilute doping
or long correlation lengths. To provide the neces-
sary acceleration, we have no choice at this point
but to go back to lightweight models. However,
as mentioned above, the de facto standard cluster
expansion approach has difficulty handling com-
plex multicomponent systems that are of interest
for various applications.

To overcome this issue, we turned to the high-
dimensional neural network potential (HDNNP)
approach pioneered by Behler and Parinello [24,
25]. This approach relies on the ansatz that the to-
tal energy can be expressed as a sum of atomic en-

ergies determined by the environment around each
atom and uses a a feed-forward neural network to
represent those atomic energies (Fig. 4). The net-
work weights are trained to reproduce DFT ener-
gies and forces (i.e., energy derivatives). Accel-
eration by 2–4 orders of magnitude compared to
DFT has been achieved while maintaining similar
levels of accuracy.

The HDNNP approach was developed for ac-
celerating molecular dynamics simulations. There,
it is necessary to accurately reproduce the energy
and forces in continuous coordinate space. This
is overkill when considering the lattice configura-
tion problem; we only need to map the ideal lattice
structure with configurational disorder to the en-
ergy after local relaxation. Thus, we proposed to
train the HDNNP model to predict the relaxed en-
ergies from the set of atom coordinates and atom
species on the ideal lattice [23]. The new ansatz
here is that the total energy of a relaxed configu-
ration can be expressed as a sum of atomic ener-
gies determined from atom environment descrip-
tors calculated on the ideal lattice before relax-
ation. This may be expressed as follows:

Erel(�σ) =
atoms∑

i

NNPrel
ti ( f [�σRc

i ]) for �σ ∈ {�σlattice},

(4)
where �σ represents the coordinates of all atoms in
the system, which is restricted, in our scheme, to
those on the ideal lattice. i represents atom in-
dices, ti is the corresponding atom type, and �σRc

i
represents the configuration of atoms within a cut-
off radius from atom i. A separate neural net NNPti

is trained for each atom type; it takes as input
a rotationally and translationally invariant finger-
print of the atomic environment f [�σRc

i ] and out-
puts the contribution of the atom i to the relaxed
total energy. In this work, we employed the Cheby-
chev fingerprint proposed by Artrith and cowork-
ers [26]. In this fingerprinting scheme, Cheby-
chev expansion coefficients of the radial and an-
gular distribution functions are used as the fin-
gerprint. The atom type is encoded by multiply-
ing with type-dependent factors when calculating
the radial/angular distributions. We use ænet code
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(http://ann.atomistic.net/) for the training
and evaluation of the neural network model.

An issue with neural network approaches in
general is that they are good at interpolating be-
tween training data but not at extrapolating. To
overcome this problem, we adopted the so-called
“active learning” approach, where the neural net-
work is retrained on-the-fly when the simulation
wanders into regions of structure space that were
not included in the original training data set [27–
35]. Our approach is summarized as follows:

1. Prepare a training set consisting of DFT-
relaxed energies of randomly generated con-
figurations.

2. Perform neural network training.

3. Perform RXMC sampling using the trained
neural network model.

4. Perform DFT relaxations on a subset of con-
figurations that appeared during RXMC sam-
pling and check the prediction accuracy. If
sufficient accuracy is achieved, stop here.

5. If the accuracy is found to be insufficient, add
those configurations to the training set and re-
peat from step 2.

We benchmarked this approach, again, on the tem-
perature dependence of the DOI in MgAl2O4. We
used a supercell with 192 cation sites compared to
48 in the previous section. The supercell size com-
bined with the explosion of the possible number of
configurations (192C64 ∼ 1051) makes this calcula-
tion completely out of reach for direct sampling on
DFT energies.

Figure 5 shows the correlation plot between the
neural network predictions vs. reference DFT en-
ergies. The model trained on randomly generated
configurations performs well in the high energy re-
gion but shows a sizable deviation at lower ener-
gies. This is because the lower energy structures
with more ordering were obviously not included in
the original training data set. In our active learn-
ing scheme, these structures are then added to the

Figure 5: The correlation between reference DFT
energies and neural network predictions when
training was performed on randomly generated
configurations (closed circles) and after perform-
ing active learning (open squares).

training set and the model is retrained. The result-
ing correlation after active learning is nearly per-
fect with deviations of less than a few meV/atom.
The active-learned neural network model was used
to sample the DOI vs. temperature (Fig. 6) from
480,000 RXMC steps with 15 replicas, and good
agreement was obtained with cluster expansion
and direct sampling on DFT energies explained in
the previous section.

4 Applications

We have only just started to apply the thermody-
namic sampling methods outlined in previous sec-
tions to complex oxide systems that were difficult
to treat using previously available methods. Here,
we briefly present some results obtained for a cou-
ple of systems of interest in solid state ionics and
electrochemistry.

Acceptor-doped BaZrO3

Ceramic-based electrolytes are under intense re-
search for application in battery, fuel cell, and
electrolyzer applications. Recently, we have been
focusing on acceptor-doped BaZrO3, which is
known as a promising material to be used as the
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Figure 6: Comparison of the DOI calculated using
cluster expansion (blue circles), direct sampling
on DFT energies (orange triangles), and the neu-
ral network model (open green squares) compared
to experiment (red triangles).

proton conducting electrolyte in solid oxide fuel
cells. The material is an insulator without doping,
but oxygen vacancies with an effective charge of
+2 can be induced by substituting Zr4+ by trivalent
acceptor cations such as Y3+. This is expressed in
Kröger-Vink notation as follows:

2Zr×Zr + O×O + Y2O3 → 2Y′Zr + V••O + 2ZrO2. (5)

These oxygen vacancies are immobile in the tem-
perature range of interest, but highly mobile pro-
tons can be induced by a hydration reaction with
these vacancies:

H2O + V••O + O×O → 2(OH•O). (6)

The maximum dopant concentration can reach up
to 60% depending on the dopant species [36] (al-
though it may be questionable whether it is appro-
priate to refer to such high concentrations as “dop-
ing”). Conventionally, dopants were assumed to
distribute randomly on the Zr sites. On the other
hand, some recent works have pointed out that
the configuration of dopants can impact the proton
mobility in both positive and negative ways [37–
39]. For example, an isolated dopant or a cluster of
dopants can act as a trapping site for protons due
to coulomb attraction. On the other hand, dopants
may form a long-range percolating pathway along

which protons can diffuse relatively freely. Thus,
we performed RXMC sampling combined directly
with DFT for revealing what the realistic dopant
configurations will be under processing conditions
in Y-doped BaZrO3 with dopant concentration up
to 30%. We note that many works have discussed
the interaction between few dopants and O vacan-
cies or protons, but none have treated such highly
doped systems rigorously within a statistical ther-
modynamics framework like ours. Our approach
revealed that the dopant configurations are far from
random even at the usual sintering temperature of
∼ 1800 K. This originates from complex many-
body interactions that cannot be explained simply
in terms of coulomb interactions between charged
defects. Detailed analysis based on the statistics
obtained from RXMC samples can be found in
Ref. [40]. We also fed the obtained configura-
tions into a master equation model for proton dif-
fusion [41] and found that the realistic dopant con-
figurations obtained by RXMC sampling predicts
slightly higher conductivities compared to random
configurations [42]. Another insight obtained there
is that in general, the formation of deep trapping
sites due to dopant clustering has much more pro-
found effect than the formation of a percolating
pathway. Thus, avoiding dopant clustering would
be the route to higher conductivity in this system.

We are now performing the active learning NN-
RXMC approach of Sec. 3 to understand the hy-
dration behavior and the recently reported high
conductivity of 0.01 S/cm at 400 ◦C in 60% Sc-
doped BaZrO3 [36]. Prior to this report, Y doping
of ∼ 20% was reported to result in the highest pro-
ton conductivity using BaZrO3 as the parent ma-
terial. An issue was that further doping results in
the decline of proton conductivity, which was also
reproduced by our work mentioned above [42]. In
the case of Sc, however, the conductivity contin-
ues to increase up to 60% doping, which is the sol-
ubility limit for this system. It will be interesting
and insightful to see how the character of different
dopants with the same formal charge can lead to
such different behavior. We are working to con-
tribute in this regard using ab initio thermodynam-
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(a) (b)

Figure 7: (a) Evaluation of NN accuracy after active learning on The Pt/YSZ slab model and (b) the
obtained Y and O vacancy concentration profiles.

ics.

The ionic space charge layer

Another issue we are currently working on is the
ionic space charge effect at solid-solid interfaces.
The space charge concept is a central idea of semi-
conductor device physics, where a depletion or ac-
cumulation of holes or electrons occurs to align
the Fermi level across the interface. The concept
should naturally be extended to mobile ions, which
are abundant in solid electrolytes, but the situation
is now much more complicated because various
ionic species can contribute to the effect, and ions
can even be introduced spontaneously (e.g., hydro-
gen in the atmosphere can spontaneously dope ox-
ides [43]). A related (or maybe equivalent) con-
cept in electrochemistry of liquid electrolytes is
the electrical double layer. The nanoscale atom-
istic details of the space charge layer is expected
to modify the ion dynamics in various ways. It
should impact the performance of solid state elec-
trochemical devices such as solid-state batteries,
fuel cells, and electrolyzers, or may even lead to
novel functionalities. Because of this, the topic
is under intense study from both experimental
and theoretical standpoints (see, e.g., https://
interface-ionics.jp/en/index.html).

In the past, we have combined ion defect for-
mation energetics calculated using DFT with a
Poisson-Boltzmann type model to calculate the ion
distribution near metal/solid electrolyte interfaces
[44–46]. However, the energetics were calculated
in the bulk and do not include effects such as the
chemical characteristics of the interface or the con-
centration dependencies of the dielectric constant.
Also, the interactions between defects were mod-
eled considering only ideal point charge electro-
statics. In other words, it is a mean field model
with many assumptions and may not be reliable
enough for certain cases.

ab initio statistical thermodynamics approaches
introduced above are ideal for tackling this issue
and going beyond the simple mean-field picture.
As a first step, we calculated the ion distribution in
the Pt (111)/Yttria-stabilized zirconia (YSZ) (111)
slab model (Fig. 7). Note that YSZ is a well-
studied oxide ion conductor for application in solid
oxide fuel cells. The parent lattice is cubic fluorite
ZrO2 with 68 Zr sites and 126 O sites, and config-
urations of 12 Y ions on Zr sites and 6 O vacancies
residing on the O sites were sampled using our ac-
tive learning NN-RXMC approach (Sec. 3). The
correlation between the DFT energies and NN pre-
dictions of the training, test, and verification sets
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seems to be good enough, although not as perfect
as the bulk MgAl2O4 case (Fig. 5). The calculated
concentration profiles show a segregation of Y on
the outermost Zr layer and depletion on the second
and third Zr layers. There is also an increase in
the vacancy concentration on the second O layer.
The next challenge would be to consider variations
in the number of oxygen vacancies and perform
grand canonical sampling, so that the results can be
compared directly with experiments which control
the oxygen partial pressure. We expect these cal-
culations to be immensely useful for understand-
ing the thermodynamics of space charge layer for-
mation, and also to serve as a basis for understand-
ing the modification of various materials properties
due to formation of interfaces.

5 ab Initio Configuration Sam-
pling Toolkit (abICS)

The software framework for direct coupling
of RXMC sampling with DFT (Sec. 2) was
selected as an ISSP Project for Advancement
of Software Usability in Materials Science for
SY2019. Parts of the prototype code developed
by the author (S.K.) were rewritten in modular
fashion so as to enable easy extension of the
framework. The original prototype only supported
VASP as the energy calculator, but interfaces
for OpenMX and Quantum Espresso are now
supported. In addition, a user interface employing
the human-readable and computer-friendly TOML
format (https://toml.io/en/) was developed
for setting up the calculations. The code has
been named ab Initio Configuration Sampling
Toolkit, or abICS for short, and released to
the public under an open source license (GPL
ver. 3), along with a user manual. It is under con-
tinous development (https://www.pasums.
issp.u-tokyo.ac.jp/abics/, https:

//github.com/issp-center-dev/abICS),
and we are in the process of implementing the
active learning approach explained in Sec. 3.

6 Summary and outlook

In this report, we presented our recent efforts in en-
abling configurational sampling in complex oxide
systems from first principles. By harnessing the
power of modern day supercomputers in combina-
tion with extended ensemble sampling, it has now
become just barely feasible to perform sampling
directly on DFT energies on unit cells of ∼ 100
atoms. We also demonstrated that similar accu-
racy can be achieved with a speedup by a factor of
∼ 104 by the use of a neural network model that
reproduces the configuration energetics. This has
made possible routine sampling on unit cells of a
few hundred atoms with ab initio accuracy.

We have been implementing these approaches
in an open source framework abICS. We believe
that this framework will be immensely useful for
making efficient use of the ever-increasing capac-
ity of modern supercomputers. We are also aim-
ing to bring together information science, materi-
als simulation, and statistical physics using abICS
as a hub. Because of modular coding practices em-
ployed in our project, it should be relatively easy
to implement interfaces for other solvers, or to im-
plement new sampling schemes. Please and do not
refrain from contacting us if you are interested in
using or extending this software.
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