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Abstract

The Kondo-lattice model describes a typical

spin-charge coupled system in which localized

spins and itinerant electrons are strongly cou-

pled via exchange interactions and exhibits

a variety of long-wavelength magnetic orders

originating from the nesting of Fermi sur-

faces. Recently, several magnetic materials

that realize this model have been discovered

experimentally, and they have turned out to

exhibit rich topological magnetic phases in-

cluding skyrmion crystals and hedgehog lat-

tices. Our recent theoretical studies based

on the large-scale spin-dynamics simulations

have revealed several interesting nonequilib-

rium phenomena and excitation dynamics in

the Kondo-lattice model, e.g., dynamical mag-

netic topology switching and peculiar spin-

wave modes of the skyrmion crystals and the

hedgehog lattices under irradiation with elec-

tromagnetic waves such as microwaves and

light [1, 2, 3]. These achievements are expected

to open a new research field to explore novel

nonequilibrium topological phenomena and re-

lated material functions of the spin-charge cou-

pled magnets.

1 Introduction

Since the discovery of magnetic skyrmions

in chiral magnets in 2009 [4, 5], topologi-

cal spin textures such as skyrmions, merons,

biskyrmions, hedgehogs, and hopfions have at-

tracted a great deal of research interest from

the viewpoints of both fundamental science

and technical applications [6, 7, 8, 9, 10]. A va-

riety of physical phenomena and material func-

tions of the topological magnetism have been

intensively studied and explored, which in-

clude magnetic memory device functions based

on their current-driven motion [11, 12, 13,

14, 15], various anomalous quantum trans-

port phenomena induced by emergent mag-

netic fields through the Berry phase mech-

anism, unique optical and microwave device

functions arising from their peculiar excitation

dynamics [16, 17, 18, 19, 20], and potentially

useful power generation functions originating

from coupling with electric charges [21, 22, 23,

24].

Many of the topological magnetic tex-

tures with spatially modulated magnetiza-

tions are manifested and stabilized by the

Dzyaloshinskii-Moriya interaction (DMI) [31,

32, 33], which becomes active in magnets with

broken spatial inversion symmetry, e.g., chi-

ral magnets [4, 5, 25, 26, 27], polar mag-

nets [28, 29, 30], and magnetic heterojunc-

tions [11]. The DMI has a relativistic origin

and favors a helical alignment of magnetiza-

tions with a 90-degree rotation angle. This in-

teraction competes with the ferromagnetic ex-

change interaction, which favors parallel align-

ment of magnetizations. Their competition re-

sults in the formation of topological magnetic

textures with moderate pitch angles.

In such DMI magnets, the skyrmions can ap-

pear not only as isolated defects in the fer-
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romagnetic background but also as a long-

range order with a hexagonally crystallized

form. However, other topological magnetic

textures mostly appear as isolated defects only,

and they are usually not stable energetically.

In addition, in the DMI magnets, the spa-

tial configurations of magnetizations are gov-

erned by structures of the DM vectors, which is

predominantly determined by crystal symme-

try [34, 35]. As a result, the internal degrees of

freedom such as helicity, chirality, and vorticity

are generally frozen and cannot be changed.

Recently, in addition to the DMI magnets,

the Kondo-lattice system, in which itinerant

electrons and localized spins are coupled via

exchange interactions, has been theoretically

proposed as a new host of topological mag-

netism stabilized by different physical mech-

anisms [36, 37, 38]. Specifically, various novel

topological magnetic textures stabilized by the

RKKY-type long-range spin-spin interactions

mediated by itinerant electrons have been the-

oretically proposed, which include not only

usual skyrmion crystals with a topological

charge of |Q|=1 but also nontrivial skyrmion

crystals with a larger topological charge of

|Q| ≥2, meron crystals with a half-integer

topological charge |Q|=1/2, and hedgehog lat-

tices with periodically aligned hedgehog and

antihedgehog pairs [39].

These topological magnetisms are realized as

superpositions of magnetic helices with multi-

ple propagation vectors (Q vectors) governed

by Fermi-surface nesting. This indicates pos-

sible realizations of more diverse topological

magnetic textures by tuning the Fermi-surface

geometry and theQ vectors through variations

in material parameters, external fields, and el-

ement substitutions. Indeed, recent experi-

ments have observed three-dimensional hedge-

hog lattices in MnGe [40], MnSi1−xGex [41]

and SrFeO3 [42], triangular skyrmion crys-

tals in Gd2PdSi3 [43], Gd3Ru4Al12 [44] and

EuPtSi [45], and square skyrmion crystals in

GdRu2Si2 [46].

More importantly, in the Kondo-lattice mag-

nets, the topological magnetic textures do not

require breaking of spatial inversion symmetry

and the resulting DMI for their emergence and

stabilization because they are realized by the

exchange interactions between itinerant elec-

trons and localized spins. As a consequence,

the helicity, chirality, and vorticity of the mag-

netic textures remain unfrozen as internal de-

grees of freedom in this system, which enables

us their low-energy excitations and continuous

modulations. This aspect provides a unique

opportunity to control and switch magnetic

topology by various external stimuli.

It is known that skyrmions and skyrmion

tubes in chiral magnets exhibit interesting

physical phenomena and potential device func-

tions originating from their unique spin-wave

modes in the microwave regime. We expect

that the topological magnetism manifested in

Kondo lattice magnets also exhibits interest-

ing phenomena and functionalities associated

with possible collective excitation modes pe-

culiar to the Kondo-lattice system. However,

nature and properties of the spin-charge dy-

namics have not been elucidated sufficiently.

In this paper, we overview the following

three topics associated with our recent theo-

retical studies in this direction.

(1) Microwave-induced magnetic topol-

ogy switching [1]: It is discovered that

application of circularly polarized microwave

magnetic field can switch the magnetic topol-

ogy among three topological magnetic phases

characterized by different topological numbers

(|Nsk|=0, 1, and 2) in a triangular Kondo-

lattice model.

(2) Low-energy excitation modes and

spin-charge segregation [2]: It is discov-

ered that a zero-field skyrmion crystal phase

in a triangular Kondo-lattice model has three

linearly dispersive Goldstone modes associated

with spin excitations and one quadratically

dispersive pseudo-Goldstone mode associated

with charge excitations. Surprisingly they turn
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Figure 1: Schematics of the Kondo-lattice

model. Itinerant electrons and localized spins

are coupled via the Kondo exchange coupling

JK. The localized spins are not necessar-

ily interacting directly, but indirect interac-

tions mediated by the itinerant electrons exist,

which realize long-range ordering of the local-

ized spins.

out to be perfectly decoupled in contrast to our

naive expectation of strong spin-charge cou-

pling in the Kondo-lattice model.

(3) Spin-wave modes associated in the

quadratic hedgehog lattices [3]: It is dis-

covered that quadratic hedgehog lattice phases

in the cubic Kondo-lattice model have collec-

tive excitation modes associated with transla-

tional oscillation of Dirac strings connecting a

hedgehog and an antihedgehog. One of the two

modes turn out to vanish upon a field-induced

topological phase transition where one of the

two types of Dirac-string sublattices undergoes

pair annihilations and disappears.

2 Model and Method

The Hamiltonian of the Kondo-lattice model

is given by,

HKLM =
∑
i,j,σ

tij ĉ
†
iσ ĉjσ − µ

∑
iσ

ĉ†iσ ĉiσ,

− JK
2

∑
i,σ,σ′

ĉ†iσσσσ′ ĉiσ′ · Si. (1)

Here ĉ†iσ (ĉiσ) is a creation (annihilation) oper-

ator of an itinerant electron with spin σ(=↑, ↓)
on site i. The first and second terms describe

kinetic energies and a chemical potential of

itinerant electrons. The third term describes

the Kondo exchange coupling between the itin-

erant electron spins and the localized classical

spins Si (|Si| = 1).

We also consider the Zeeman-coupling term,

HZeeman = −
∑
i

[Hext +H(t)] · Si, (2)

where Hext = (0, 0, Hz) is a static magnetic

field, and H(t) is a time-dependent magnetic

field acting on the localized spins. The total

Hamiltonian is given by H = HKLM+HZeeman.

The coupling between the magnetic fields and

the itinerant electrons is neglected, since we

have confirmed that it does not affect the re-

sults even quantitatively in the microwave and

sub-terahertz frequency regimes.

Time evolutions of the localized spins are nu-

merically simulated using the Landau-Lifshitz-

Gilbert (LLG) equation,

dSi

dt
= −Si ×Heff

i +
αG

S
Si ×

dSi

dt
. (3)

The equation is composed of two contributions.

The first term describes precession of localized

spins around the effective local magnetic field

Heff
i . The second term phenomenologically de-

scribes a dissipation effect where αG is the di-

mensionless Gilbert-damping coefficient. The

effective field Heff
i is calculated by,

Heff
i = − ∂Ω

∂Si
+Hext +H(t). (4)

The thermodynamic potential Ω for HKLM is

given by,

Ω =

∫
ρ(ε, {Si}) f(ε− µ) dε, (5)

with

ρ(ε, {Si}) =
1

2N

2N∑
ν=1

δ(ε− εν({Si})), (6)

f(ε− µ) = − 1

β
ln
[
1 + e−β(ε−µ)

]
, (7)
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where ρ(ε, {Si}) is the density of states of the

itinerant electrons for a given set of the local-

ized spins {Si}, and f(ε−µ) is the free energy
density of the system. We use the kernel poly-

nomial method based on the Chebyshev poly-

nomial expansion to calculate Ω and the au-

tomatic differentiation technique to calculate

its magnetization-derivative ∂Ω/∂Si [47, 48].

We solve the LLG equation using the fourth-

order Runge-Kutta method to obtain the spa-

tiotemporal profiles of the dynamics of local-

ized spins. This methodology assumes that

in the low-frequency regimes of gigahertz or

sub-terahertz considered here, the itinerant

electrons smoothly follow the localized-spin

dynamics and are immediately relaxed to a

ground state for a given localized-spin config-

uration at each moment.

All the numerical simulations discussed be-

low are performed at zero temperature with

no thermal fluctuations in order to investi-

gate pure effects of microwave/light irradiation

for dynamical phenomena in the Kondo-lattice

models. For more details of the simulations,

see references indicated in each section.

3 Microwave-Induced Switch-

ing of Magnetic Topology

First, we discuss microwave-induced dynami-

cal switching of magnetic topology in a trian-

gular Kondo-lattice model [1]. We adopt t1 =

−1 for the nearest-neighbor hopping, t3 = 0.85

for the third-neighbor hopping, JK = 1 for the

Kondo exchange coupling, and µ = −3.5 for

the chemical potential. With this parameter

set, the model is known to exhibit two types

of skyrmion crystals with different skyrmion

numbers as superpositions of three magnetic

helices [38].

The noncoplanar spin structures generally

have finite local scalar spin chirality χi, which

is defined by a solid angle spanned by three

neighboring spins. On the triangular lattice, it
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Figure 2: (a) Equilibrium phase diagram of

the triangular Kondo-lattice model in a static

magnetic field Hext = (0, 0, Hz) without mi-

crowave (Hω=0). (b) Nonequilibrium phase

diagram in plane of microwave frequency ω and

Hz under irradiation with circularly polarized

microwave field. The microwave amplitude is

fixed at Hω=0.01. (c)-(e) Schematic energy

landscapes for different switching behaviors.

is defined by

χi = Si · (Si+â × Si+b̂)/4π, (8)

where â and b̂ are primitive translation vec-

tors of the triangular lattice. This quantity is

related with a topological invariant called the

skyrmion number Nsk as,

Nsk = Nmuc

N∑
i=1

χi/N, (9)

where Nmuc is the number of sites in a mag-

netic unit cell.
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Figure 3: Time profiles of the net spin S =

(Sx, Sy, Sz) and the skyrmion number Nsk dur-

ing a process of the microwave-induced topol-

ogy switching from Nsk = −1 to Nsk =

−2 in the triangular Kondo-lattice model at

Hz=0.005 irradiated with circularly polarized

microwave field with a frequency of ω=0.01.

Figure 2(a) shows an equilibrium phase di-

agram as a function of Hz, in which three

magnetic phases, i.e., a skyrmion crystal phase

with |Nsk|=2, another skyrmion crystal phase

with |Nsk|=1, and a nontopological phase with

|Nsk|=0, successively appear with increasing

Hz. Importantly, several internal degrees of

freedom, e.g., helicity, chirality, and vorticity,

remain unfrozen in this system because of the

spatial inversion symmetry, and the spin struc-

tures in these phases have infinite degeneracy.

This is in striking contrast to the skyrmion

crystals in chiral magnets stabilized by DMI.

The continuous degeneracy due to these in-

ternal degrees of freedom enables us to realize

the transformation of spin structures by ap-

plication of external stimuli. To demonstrate

it, we have simulated spatiotemporal dynam-

ics of localized spins induced by an applied mi-

crowave field H(t) = Hωβ(t)(cosωt, sinωt, 0)

with a time-dependent factor β(t) introduced

for a gradual increase of the microwave ampli-

tude.

The numerical simulations have indeed re-

vealed that spin excitations induced by ir-

radiation with circularly polarized microwave

can switch the magnetic topology, e.g., from

the skyrmion crystal with |Nsk|=1 to another

skyrmion crystal with |Nsk|=2 or to a nontopo-

logical magnetic state with |Nsk|=0 depend-

ing on the microwave frequency. The induced

nonequilibrium spin phases are summarized in

the nonequilibrium phase diagram in plane of

ω and Hz when the microwave amplitude is

fixed at Hω=0.01 [Fig. 2(b)].

The magnetic topology switching shows var-

ious behaviors, that is, deterministic irre-

versible switching, probabilistic irreversible

switching, and temporally random fluctuation

depending on the microwave frequency and the

strength of external magnetic field, variety of

which is attributable to different energy land-

scapes in the dynamical regime.

We show a few examples of the observed

topology-switching phenomena below. In

Fig. 3, we present simulated time profiles of the

net spin S ≡ (1/N)
∑

i Si and the skyrmion

number Nsk in a system irradiated with cir-

cularly polarized microwave field with a fre-

quency of ω=0.01 when Hz = 0.005. Starting

with the skyrmion crystal with Nsk = −1 as

a ground state at Hz = 0.005, we observe a

microwave-induced switching of the magnetic

topology from Nsk = −1 to Nsk = −2. Here

the skyrmion crystal withNsk = −2 appears as

a nonequilibrium steady state where the total

spin oscillates in a steady manner. Interest-
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Figure 4: Time profiles of the net spin S and

the skyrmion number Nsk during a process

of the microwave-induced topology switching

from Nsk = −1 to Nsk=0 in the triangular

Kondo-lattice model at Hz=0.005 irradiated

with circularly polarized microwave with a rel-

atively slower frequency of ω=0.005.

ingly, a transient magnetic state with a half-

integer skyrmion number (Nsk = −1.5) is ob-

served during the switching process.

On the other hand, Fig. 4 shows simu-

lated time profiles of the total spin S and the

skyrmion number Nsk when the system is ir-

radiated with a relatively slower circularly po-

larized microwave field with ω=0.005. Start-

ing with the a skyrmion crystal state with

Nsk = −1 as a ground state at Hz = 0.005, the

nontopological state with Nsk = 0 appears as a

nonequilibrium steady state with steady oscil-

lation of S. Again, a nonequilibrium transient

state with a half-integer skyrmion number is

observed during the switching process.

4 Low-Energy Spin and

Charge Excitations in

Skyrmion Crystals

Next we discuss our theoretically study on the

spin and charge excitations of skyrmion crys-

tals in centrosymmetric Kondo-lattice mag-

nets [2]. As we have discussed, long-range

spin interactions mediated by itinerant elec-

trons stabilize various skyrmion-crystal phases

as different patterns of superpositions of multi-

ple spin helices whose propagation vectors are

governed by the Fermi-surface nesting. Hence,

we naively expect that nature of strong spin-

charge coupling should appear in their low-

energy excitations. However, it is not always

the case in reality as argued in this section.

We again employ the Kondo-lattice model

on a triangular lattice given by Eq. (1). Fig-

ure 5(a) shows the ground-state phase diagarm

in plane of Hz and JK when t1 = −1, t3 = 0.85

and µ = −3.5. A skyrmion crystal phase with

|Nsk|=2 [Fig. 5(b)], another skyrmion crystal

phase with |Nsk|=1 [Fig. 5(c)], and a nontopo-

logical phase with |Nsk|=0 appear in this or-

der as Hz increases in the broad range of the

Kondo exchange coupling JK. We set JK =

1(∼ |t1|), for which the system is in the weak-

coupling regime and, thus, is metallic with no

finite exchange gap.

To study the spin and charge excitation

spectra in each phase, we simulate spatiotem-

poral dynamics of the localized spins Si(t)

after locally applying a short magnetic-field

pulse using the Landau-Lifshitz equation. The

equation is obtained by setting αG = 0 in

Eq. (3). The effective local magnetic field Heff
i

is calculated again using the kernel polynomial

method combined with the automatic differen-

tiation technique [47, 48]. The wavefunction of

itinerant electrons |Ψ(t)⟩ at each moment t is

composed of eigenstates |ψν(t)⟩ of the Hamil-
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Figure 5: (a) Ground-state phase diagram in

plane of Hz and JK for the triangular Kondo-

lattice model. (b), (c) Spatial spin configura-

tions {Si} for two kinds of skyrmion crystal

states with (b) |Nsk|=2 and (c) |Nsk|=1. For

the parameter values, see text.

tonian HKLM.

Dynamical spin and charge structure factors

S(q, ω) and N(q, ω) are calculated from the

simulated time profiles of Si(t) and |Ψ(t)⟩ as,

S(q, ω) ∝
N∑

i,j=1

e−iq·(ri−rj)
Nt∑
n=1

eiωtn ⟨Si(t) · Sj(0)⟩ ,

N(q, ω) ∝
N∑

i,j=1

e−iq·(ri−rj)
Nt∑
n=1

eiωtn ⟨ni(t) · nj(0)⟩ ,

where ni(t) =
∑

σ ⟨Ψ(t)| ĉ†iσ ĉiσ |Ψ(t)⟩ is the ex-
pectation value of the electron number on site

i at time t. We also calculate dispersion re-

lations of the excitation spectra by using the

linear spin-wave theory.

Figure 6 shows calculated S(q, ω) and

N(q, ω) for the skyrmion crystal with |Nsk| = 2

at Hz = 0. Noticeably, the spin-excitation

spectrum S(q, ω) has large intensities on the

G
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Figure 6: Dynamical spin and charge struc-

ture factors, S(q, ω) and N(q, ω), near the Γ

point for the skyrmion crystal with |Nsk| = 2

at Hz = 0. The spectra calculated by the spin

dynamics simulations are presented by square

dots, while the dispersion relations calculated

by the linear spin-wave theory are presented

by thick lines.

three linearly dispersive gapless modes (Gold-

stone modes), whereas no intensity is observed

on the quadratically dispersive mode. These

three Goldstone modes are associated with

three generators of the SO(3) group in the spin

space and originates from spontaneous break-

ing of the SO(3) symmetry.

On the other hand, the charge-excitation

spectrum N(q, ω) has a large intensity on the

quadratic mode, whereas no intensity is ob-

served on the three linearly dispersive Gold-

stone modes. This quadratic mode is associ-

ated with translational symmetry. Because of

the discreteness of the lattice, this mode has a

finite gap but it is negligibly small. This nearly

gapless mode (pseudo-Goldstone mode) origi-
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nates from spontaneous breaking of the pseudo

continuous translational symmetry.

Surprisingly, it is found that the spin and

charge excitations appear in different modes,

which are separated and totally independent

of each other in contrast to our naive expec-

tation of the strong spin-charge coupling in

the Kondo-lattice model. This spin-charge seg-

regation in the low-energy excitations is at-

tributable to a fact that the global SO(3) sym-

metry of the spin rotation and the global trans-

lation symmetry of the skyrmion-crystal spin

configuration are independent and thus are de-

coupled. This fact may enable us selective ac-

tivations of spin and charge degrees of freedom

in this system as a unique property of spin

textures in the centrosymmetric Kondo-lattice

magnets.

However, the spin and charge degrees of free-

dom are not always decoupled in excitations

of the Kondo-lattice magnets. In fact, the

spin-charge coupling is manifested in the ex-

citation of scalar spin chirality. The dynam-

ical structure factor of the scalar spin chiral-

ity Cχ(q, ω) has dominant spectral weight on

the quadratic mode (not shown) similar to the

charge structure factor N(q, ω). The dynam-

ics of noncollinear spin texture with nonzero

scalar spin chirality can induce the charge dy-

namics through generating emergent electro-

magnetic fields acting on the itinerant elec-

trons via the Berry phase mechanism. The

coincidence of charge and chirality excitation

channels comes from this coupling.

Figure 7 shows the calculated dynami-

cal spin structure factor S(q, ω) for another

skyrmion crystal phase with |Nsk| = 1 in a fi-

nite magnetic field ofHz = 0.005. The applica-

tion of magnetic field reduces the symmetry in

the spin space from SO(3) to U(1). As a result,

two of the three linearly dispersive Goldstone

modes become gapped, and only one mode re-

mains to be gapless. Accordingly, only one lin-

early dispersive Goldstone mode is observed in

the spectra. On the contrary, the quadratic

G
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0

ℏ
w

/t
1

K'' K'''

S(q,w)10-410-6 10-5 10-3

Intensity
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Figure 7: Dynamical spin structure factor

S(q, ω) near the Γ point for the skyrmion crys-

tal with |Nsk| = 1 at Hz = 0.005. Nonre-

ciprocal nature of the spin-wave propagation

appears in the dispersion relations at the mo-

menta indicated by circles.

pseudo-Goldstone mode survives even under

the application of magnetic field because the

pseudo continuous translational symmetry re-

mains even in the magnetic field. It is also

found that the applied magnetic field causes

mixing of the spin and charge excitations so

that the spin-charge segregation observed in

the |Nsk|=2 phase is obscure in the |Nsk|=1

phase.

The nonreciprocal nature of the spin-wave

excitations, i.e., S(q, ω) ̸= S(−q, ω), in the

skyrmion crystal phase with |Nsk| = 1 is worth

noting as a striking feature of this system,

which can be seen in comparison between the

spin-wave dispersions indicated by two circles

in Fig. 7. This nonreciprocity comes from sym-

metry of the electronic structure governed by

symmetry of the skyrmion-crystal spin con-

figuration in the magnetic field. Indeed, the

Fermi surface in this phase does not have the

C2 point-group symmetry, and thus the sym-

metry of the system is reduced to C3h from

original D6h for the triangular lattice. This

nonreciprocal nature might be detected exper-

imentally by e.g., neutron-scattering experi-

ments, angle-resolved photoemission spectro-

scopies, and several transport measurements.
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Figure 8: Fermi surface for the kinetic term

in Eq. (1). (b) Cross section of the Fermi

surface with nesting vectors Q1 and Q2. (c)

Four propagation vectors {Qν} of magnetic

helices constituting the quadratic hedgehog-

lattice (4Q-HL) states.

5 Collective Modes in

Quadratic Hedgehog Lat-

tices

Finally, we discuss a theoretical study on the

spin-wave modes of magnetic hedgehog lattices

in the Kondo-lattice model in three dimen-

sions [3]. The monopole and antimonopole are

conceptual particles which were originally pro-

posed by Paul Dirac in 1931 as isolated posi-

tive and negative magnetic charges [49]. The

magnetic hedgehog and antihedgehog are spin

textures in magnets, which can be regarded

as emergent monopole and antimonopole as

they behave as source and sink of emergent

magnetic fields acting on itinerant electrons

through the Berry-phase mechanism.

The magnetic hedgehog lattices are three-

dimensional magnetic structures in which the

hedgehogs and antihedgehogs are aligned in

a periodic manner, which have been recently

discovered in several itinerant magnets, e.g.,

MnGe [40], MnSi1−xGex [41], and SrFeO3 [42].

The hedgehog lattice in MnGe is described by

a superposition of three spin helices with cu-

bic propagation vectors and, thus, is referred

to as the triple-Q hedgehog lattice (3Q-HL).

On the other hand, the hedgehog lattices in

MnSi1−xGex and SrFeO3 are described by su-

perpositions of four spin helices with tetrahe-

dral propagation vectors, which is, thus, re-

ferred to as the quadruple-Q hedgehog lattice

(4Q-HL).

There are several kinds of 4Q-HL states with

different number of hedgehogs and antihedge-

hogs in the magnetic unit cell. Possible trans-

formations among them by application of mag-

netic field have been experimentally proposed.

This proposal provides us with an opportunity

to study the tunability of material properties

via the field-induced topological phase transi-

tions of the hedgehog lattices in MnSi1−xGex
and SrFeO3. Under these circumstances, clar-

ification of the collective spin-charge dynam-

ics of the hedgehog lattices is a subject of es-

sential importance because they are deeply re-

lated with responses to electromagnetic waves

(e.g., microwaves and light) as sources of rich

magnetic/optical device functions, dynamical

topological phase transitions, and optical con-

trol of topology-related material properties.

To study collective excitation modes in

the 4Q-HL states in itinerant chiral magnets

MnSi1−xGex, we start with the Kondo-lattice

model on a chiral cubic lattice. The follow-

ing two terms are newly added to the original

Hamiltonian in Eq. (1),

HDMI = −D
∑
<i,j>

eij · (Si × Sj), (10)

HAFM =
∑
<i,j>

JAFMSi · Sj . (11)

The term HDMI describes the DMI, while the

term HAFM describes antiferromagnetic ex-

change interaction, both of which work be-

tween the nearest-neighbor localized spins.

Here eij denotes the normalized bond-

directional vector from site i to site j. We

adopt JK=0.8, JAFM=0.0008 and examine

both cases with and without DMI (i.e., D = 0

andD = 0.0002). Note that the DMI generally

originates from the spin-orbit coupling, but its

effects on the itinerant electrons are neglected

here for simplicity, which is justified from an

experimental insight for MnSi1−xGex [41].

The chemical potential is set to be µ =
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Figure 9: (a) Phase diagram of the cubic

Kondo-lattice model as a function ofHz, which

contains two 4Q-HL phases, the intermediate

4Q (I-4Q) phase, and the forced ferromagnetic

(FFM) phase. (b)-(d) Spatial configurations of

the Bloch points of hedgehogs (magenta) and

antihedgehogs (cyan) in the 4Q-HL and I-4Q

phases. (e)-(g) Spin configurations around the

Dirac string A in respective phases. (h) Spin

configurations after the Dirac string A vanishes

in the FFM phase.

−3.79, which reproduces a wavenumber of

Q ≈ π/4 and a spatial period of λ =

2πa/
√
3Q ≈2.15 nm in agreement with the

experimental value of λ =1.9-2.1 nm for

MnSi1−xGex [41]. Here the lattice constant is

assumed to be a = 0.465 nm. In Figs. 8, the

Fermi surface and its cross section associated

with the nesting vectors Q1 and Q2 are shown.

Figure 9(a) shows a ground-state phase di-

agram as a function of magnetic field Hz. In

the absence of magnetic field (Hz=0), a 4Q-HL

state composed of eight hedgehogs and eight

antihedgehogs in the magnetic unit cell ap-

pears where the total number of the hedgehogs

and antihedgehogs is Nm=16. This 4Q-HL

state contains two inequivalent Dirac strings

(A and B), each of which connects a hedgehog

and an antihedgehog along the z axis. There

are eight strings in total, four each for strings

A and B.

The Dirac strings A and B have the same

length in the 4Q-HL phase with Nm=16 at

Hz = 0. As Hz increases, both strings A and

B gradually shrink. Importantly, the strings

B shrink faster than the strings A. Thereby,

the strings B disappear first as a result of the

hedgehog-antihedgehog pair annihilation when

Hz reaches 0.0043, which is a topological phase

transition from the 4Q-HL with Nm=16 to an-

other 4Q-HL with Nm=8. Subsequently, the

system enters the intermediate 4Q (I-4Q) state

at Hz=0.0069 in which the hedgehog and an-

tihedgehog collide to be merged and share the

same cubic unit of the lattice. With further

increasing Hz, the merging or the pair an-

nihilation of the hedgehog and antihedgehog

connected by strings B complete, and the sys-

tem enters the forced ferromagnetic phase at

Hz=0.0081.

In Fig. 10, we show calculated spectra of

Imχz(ω) where χz(ω) is the longitudinal dy-

namical magnetic susceptibility. Noticeably,

we observe three excitation modes in the 4Q-

HL phase with Nm = 16, which are named

L1, L2, and L3 modes, respectively. These

modes are expected to appear in the sub-

terahertz regime because ω=0.004 in Fig. 10

corresponds to 1 THz approximately when we

assume t1 = 1 eV. Calculated spatial profiles

of oscillation amplitudes for respective phases

inidcate that the L2 mode is associated with

Strings B, whereas the L3 mode is with Strings

A. Namely, the L2 and L3 modes are local-

ized around the respective Dirac strings. On

the contrary, the L1 mode is a nonlocalized

mode whose oscillation amplitude is broadly

distributed in space.

Importantly, the L2 mode disappears when
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Figure 10: Calculated microwave/light absorp-

tion spectra for various values of Hz.

the system enters the 4Q-HL phase with Nm =

8 because the Strings B vanish upon this phase

transition, which indicates that this topologi-

cal transition can be detected in the magnetic

resonance measurements. On the contrary, the

L3 mode survives after this phase transition

because the Strings A still exist in the 4Q-HL

phase with Nm = 8. Moreover, the L3 mode

is observed in the Nm = 8 4Q-HL phase and

even in the subsequent I-4Q phase in which

the merging hedgehog-antihedgehog pair has

nonzero scalar spin chirality as a residue of the

magnetic topology. The L3 mode disappears

when the system enters the forced ferromag-

netic phase at Hz ≈ 0.0081, in which the scalar

spin chirality vanishes because of the collinear

spin configuration.

The L2 and L3 modes can be regarded as

translational modes of Dirac strings B and A,

respectively. The ac magnetic field of applied

electromagnetic wave dynamically modulates

the hedgehog and antihedgehog spin configura-

tions, which results in asymmetric distribution

of their emergent magnetic fields on a cubic cell

D
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p
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Figure 11: Schematics of the translational os-

cillations of (a) the Dirac string B in the L2

mode and (b) the Dirac string A in the L3

mode.

composed of eight spins at its corners. More

specifically, the solid angles spanned by four-

spin plaquettes on the upper and lower cube

faces, which is originally symmetric, becomes

asymmetric when the ac magnetic field is ap-

plied in the z direction. Thereby, an oscillatory

shift of the center-of-mass position of the spin

solid angles occurs along the z axis at each

hedgehog and antihedgehog. The shifts occur

with the same phase in each mode, and the

resulting in-phase oscillations can be regarded

as coherent translational modes of the Dirac

strings [Figs. 11(a) and (b)]. It is found that

the oscillation phases are the same between L2

and L3 modes, whereas the oscillation phase of

the L1 mode is opposite to those of the L2 and

L3 modes.

6 Summary

In summary, we have overviewed our recent

theoretical studies on the spin-charge dynam-

ics and related microwave/light induced dy-

namical phenomena in the Kondo-lattice mod-

els, which exhibit rich long-wavelength mag-

netic orders including topological magnetism.

Several kinds of skyrmion crystals and hedge-
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hog lattices are realized by long-range inter-

actions among the localized spins mediated

by itinerant electrons. The long-wavelength

magnetic orders in the Kondo-lattice mod-

els are usually described by superpositions

of multiple helices whose propagation vectors

are determined by the nesting of Fermi sur-

faces. By the large-scale spin-charge dynam-

ics simulations using the Kernel polynomial

method, we have revealed a variety of inter-

esting phenomena including (1) microwave-

induced switching of magnetic topology for

the skyrmion crystal states in the triangu-

lar Kondo-lattice model, (2) three linearly

dispersive Goldstone modes associated with

SO(3) symmetry of the localized spins and

one quadratic pseudo-Goldstone mode associ-

ated with itinerant-electron charges governed

by the discrete translational symmetry of the

skyrmion crystal, and unexpected spin-charge

segregation in the low-energy excitations of the

zero-field skyrmion crystal in the triangular

Kondo-lattice model, and (3) two translation

modes associated with Dirac strings and dis-

appearance of one of these two modes upon

the field-induced topological phase transition

with hedgehog-antihedgehog pair annihilations

in the quadratic hedgehog lattices in the cu-

bic Kondo-lattice model for real materials of

MnSi1−xGex and SrFeO3. Recently, new mag-

netic materials that realize the Kondo-lattice

models have been successively discovered and

synthesized experimentally. Furthermore, a

variety of topological magnetic phases have

been observed in these materials. We expect

that the phenomena predicted in our studies

will be experimentally observed and confirmed

in near future. Moreover, we hope that this ar-

ticle could help to open a new research field on

fundamental physics and even engineering of

rich dynamical magnetic topology in the spin-

charge coupled magnets.
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Georgii, and P. Böni, Science 323, 915

(2009).

[5] X. Z. Yu, Y. Onose, N. Kanazawa, J. H.

Park, J. H. Han, Y. Matsui, N. Nagaosa,

and Y. Tokura, Nature 465, 901 (2010).

[6] S. Seki and M. Mochizuki, Skyrmions

in Magnetic Materials (Springer, Berlin,

2016).

[7] N. Nagaosa and Y. Tokura, Nat. Nan-

otech. 8, 899 (2013).

[8] K. Everschor-Sitte, J. Masell, R. M.
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[9] B. Göbel, I. Mertig, and O. A. Tretiakov,

Phys. Rep. 895, 1 (2021).

[10] Y. Tokura and N. Kanazawa, Chem.

Rev. 121, 2857 (2021).

Activity Report 2023 / Supercomputer Center, Institute for Solid State Physics, The University of Tokyo

34



[11] A. Fert, V. Cros, and J. Sampaio, Nat.

Nanotech. 8, 152 (2013).

[12] J. Iwasaki, M. Mochizuki, and N. Na-

gaosa, Nat. Commun. 4, 1463 (2013).

[13] J. Iwasaki, M. Mochizuki, and N. Na-

gaosa, Nat. Nanotechnol. 8, 742 (2013).

[14] G. Finocchio, F. Buttner, R. Tomasello,

M. Carpentieri, and M. Kläui, J. Phys.
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