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1 Introduction

Mixing free energy determines the proper-
ties of a solution, while theories for its esti-
mation are limited to rather dilute solutions
[1, 2, 3]. A simpler numerical method appli-
cable to the general mole fraction and valid
regardless of the system size would be valu-
able. Alchemical free energy calculation is one
of the free energy calculation methods often
used in the numerical study of drug discovery
[4, 5, 6, 7, 8, 9, 10, 11, 12, 13).
the idea, we create a solution from a pure sub-

Extending

stance, which may provide a formula for calcu-
lating the mixing free energy. We thus propose
a method for molecular dynamics simulations
that estimates the mixing free energy. The de-
tails of the derivation and numerical confirma-

tions are in the reference [14].

2 Mixing free energy and ac-
tivity coefficients

The important quantity that determines the
thermodynamic properties for the mixture is
the mixing free energy ApixG. This corre-
sponds to the work required for quasistatic
mixing at constant temperature and constant
pressure, which is the sum of the enthalpy
change in mixing and the mixing entropy
AnmixS. The change in the thermodynamic
properties of each substance is represented by
excess chemical potential; i.e., the deviation of
chemical potential from that of each pure sub-

stance. The excess chemical potential is writ-
ten as

BuX(T,p,c) =Inc+ Inya, (1)
Bug (T,p,c) =In(l —c) +Invg,  (2)

with the activity coefficients ya (7T, p,c) and
v8(T,p, c).
ture. The mixing Gibbs free energy is given by
AnixG = NepS + (1 — ¢)pug’], where N is the
total amount of molecules. When yp = 5 =

¢ is the mole fraction in the mix-

1, the mixture is ideal; i.e., a molecule of sub-
stance A does not interact with a molecule of
B. Then, ApixG'd = —TA 1S with

AmixS = N[clnc+ (1 —¢)In(1 —¢)].  (3)

The activity coefficients 4 and ~yg represent
the intrinsic properties of the mixture that re-
sult from the interaction of the two pure sub-
stances. Determining A, G identifies such in-
trinsic properties as

ApicG + TALi S = Nlelnya + (1 —¢)Invyg],
(4)

because the ideal entropic effects TApixS™ has
already known as (3).

3 Difficulty of numerical de-
termination

In textbooks on thermodynamics [15, 16], a
standard protocol for determining A5 and
AnixG for two pure substances is the quasi-
static shift of two semi-permeable membranes

37



Activity Report 2023 / Supercomputer Center, Institute for Solid State Physics, The University of Tokyo

® Qo= ?© o
00.::080
° e 0" 0
...::O o
e :CC° : o
.'. .IOO
® . O
e 00 2io
o, 0 !

Figure 1: Quasi-static mixing process using

two permeable membranes.

as shown in Fig. 1. Initially, two substances
are spatially separated by two semi-permeable
membranes. Then, shift the two membranes
slowly enough as it is regarded as quasi-static.
When each membrane reaches the left or right
boundary wall, the container is filled with a
mixture of the two substances.

We emphasize that this mixing process is
difficult in computation involving huge com-
The speed of the shift
of the membranes should be much slower than

putational resources.

the velocity of molecules, as the process needs
to be performed quasi-statically. Moreover,
because the distance between each membrane
and boundary wall is macroscopic, the process
requires at least O(N) time steps per trajec-
tory. Thus, this number could be more such as
O(N?). Such a high-cost calculation is hard to
complete with a large enough system, and this
is likely the reason that such processes are not
usually used in the numerical investigation of
the mixing entropy.

4 Work relation for determin-
ing mixing free energy

We
alchemical processes, which change the at-

consider microscopic operations called

tributes, such as mass and size, of molecules.
Alchemical methods are usually used to esti-
mate the effect of substituting some groups
into a large single molecule [6, 7]. We note that
an alchemical method itself is not necessarily
limited to single molecules but can be applied
to multi-molecule systems to create a mixture
from a pure substance. Below, we set alchemi-
cal protocols for creating a mixture taking care
of the distinguishability of the molecules of the
same species. Using the protocols we formulate
the relation useful for the numerical determi-
nation of mixing free energy.

4.1 Setup

We deal with classical systems of N molecules
packed in a cobid of volume V. The surround-
ing environment is at a constant temperature
T. We write the Hamiltonian of the system as

N 2
H(lia) =Y P+ o({ri}iae),  (5)
i=1 ¢

where I' = ({r;},{p;}) with the position r;
and momentum p; for the ith molecule, and
70’N)‘
is the mass of the ¢th molecule and

({a;}) is an abbreviation of (ai,asg,---
m;
the potential ® comprises the interaction
among molecules and the interaction between
molecules and walls of the container, which are
parameterized by the set aug. The whole of the
opearational parameters are o = ({m;}, ag).

For investigating fixed pressure systems, we
replace the Hamiltonian as

Hy(I,Via) = HT ) +pV,  (6)

by replacing a certain wall of the container
with a movable wall at a constant pressure of
p.

Suppose that an external operator changes
the value of « in the period 0 < t < 7. For
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Figure 2: Alchemical processes for determining
A4uG. The first n particles are changed from
a species A to another species B.

a protocol & = (a(t))co,, Where ap = (0)
and a1 = (1), the work done by the external
operator is written as

() = /O 4 d PR L)) gfj);"‘) ,

where I' = (I'(t))icpo,7 is a trajectory in the
phase space. We assume below that the system
is in equilibrium at ay for ¢ < 0. For constant
pressure systems, the volume V' becomes a mi-
croscopic variable, and a trajectory in phase
space is replaced by (I, V) = (I'(¢), V(t))ielo,n)-

4.2 Alchemical protocols

We concentrate on a mixture of two species
A and B, whose numbers of molecules are n
and N — n, respectively. The mole fraction is
c=n/N.

We put N molecules of species A in a con-
tainer and index all N molecules in order.
After relaxing the system to equilibrium, we
change the attributes of the first n molecules,
1 < i < n, alchemically as they become an-
other species B as depicted in Fig. 2. We write
the work for completing the alchemical process
as Wy(I, V). The resulting system is simi-
lar to a typical two-component mixture except
that all molecules are indexed.

Let G yp# be the free energy for the mixture
of the indexed molecules, while Gag be that

Pl
e e
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Figure 3: Alchemical processes for determining
Ap_,G. All n particles are changed from a
species A to another species B.

for the usual mixture. We note that

GAB(T7p7 n, N — ’I’L) 7& GAB# (T7p7 n, N — n)a
(8)
because the molecules are indexed. We can de-

termine the difference from the pure substance
A by measuring the work W as

AyuG =G p#(T,V,n,N —n) — GA(T,V,N),
— —kpT In(eW#) 9)
where () is the average over trajectories
(L, V).
We are also possible to determine the Gibbs

free energy difference between the pure sub-
stances of A and B

ArBG = Gp(T,V,n) — GA(T,V,n)

— —kpTIn(e ?Wa=3)  (10)

with the work in the alchemical process chang-
ing all n molecules from A into B as shown in
Fig. 3.

4.3 Formula for the mixing Gibbs
free energy

We have shown in [14] that the mixing free
energy satisfies

AmixG + TAmiXSid = A#G - AA%BG”
(e=?#)

=—kgT'ln ————
<6_BWA~>B >

(11)
with errors smaller than In N. We emphasize

that ApnixG in (11) is determined just from two
alchemical processes in Fig. 2 and Fig. 3.

39



Activity Report 2023 / Supercomputer Center, Institute for Solid State Physics, The University of Tokyo

o (o] o OOOO
0.1000 o OOO 0o
0o, %0
0.0100
0.0010 # #
( o o
o000l o AT 2, %0 o® §'o°o°
A AA A A 00 o ° OOO O o
[} [ )
0 5 10 15 20

Figure 4: Work distributions in the left figure for the forward and backward protocols for

creating a mixture. Here, operation time is 10007yp. The shape of the distribution depends on

the operation time. The sketch of the protocols is shown in the right figures.

’ process ‘operation time

textbook 30000 mvip
A—B 400 Tvp
# 400 Tvp

Table 1: Comparison of operation times for
calculating AnixG for the mixture of two sub-
stances of mass m and 2m with ¢ = 0.5.

’ process ‘operation time

textbook 15000 mvp
A—B 2050 TMD
# 2050 ™D

Table 2: Comparison of operation times for
calculating AnixG for the mixture of two sub-
stances of diameter o and 20 with ¢ = 0.5.

The estimates of activity coefficients are a
major issue in the research of mixtures, espe-
cially from the point of chemical engineering.
The relation (11) may offer a new method of
estimating the activity coefficients for various
mixtures and solutions, which involves only a
molecular dynamics simulation with two types
of the alchemical process. Moreover, (11) can
be applicable not only to dilute mixtures but
rather to the mixture showing unstable and
dynamic collective behaviors appeared in the

first-order transitions. The formula (11) pro-
vides a general work relation giving the mixing
free energy AnixG at constant pressure.

4.4 Advantage of (11) for numerical
determination of A, ;G.

Compared with the mixing free energy calcu-
lation along the standard textbook process in
Fig. 1, the numerical cost to calculate (11) is
not expensive. We show comparison exam-
ples for the calculation costs in Tables 1 and
2 provided in constant temperature and vol-
ume. The first example is the mixture of two
isotopes whose components differ only in mass.
The computation time for completing the pro-
cess in Fig. 1 takes about 37 times longer than
the sum of the computation times for the al-
chemical processes in Fig. 2 and Fig. 3. In the
second example, two components are different
in size. The computation time required for the
two alchemical processes is about 25% of the
time for the textbook process in Fig. 1.

We show the work distribution p(W#) and
p(—W;) for the second example. Here, W#
is the work measured in the alchemical pro-
cess from the pure substance to a mixture,
while VAV;; is the work for the backward pro-
tocol for creating the pure substance from the
mixture. We find a cross point of the two dis-
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Figure 5: (a)(b)(c)(d) Schematic snapshots during the protocol from (a) an initial pure argon

gas state to (b) the final target mixture of argon and krypton. Each argon molecule is depicted

by a purple circle and each krypton molecule by a green circle. The other colored circles rep-

resent intermediate hypothetical molecules existing during the alchemical process. (Top) Time

evolution of enthalpy during the process from (a) to (d).

transition from gas to liquid.

tributions, which confirms the convergence of
the free energy difference A4 F'. We check such
work distributions for various operation times.
We then determine the operation time for ob-
taining plausible free energy difference, which
are depicted in Tables 1 and 2.

In the above examples, we took constant
volume conditions. This is an essential point
for the computation. The two alchemical pro-
cesses in Fig. 2 and Fig. 3 are well-defined in
constant pressure protocols while the mixing
process with two semi-permeable membranes
in Fig. 1 cannot be performed quasi-statically
while keeping constant pressure. This is due
to the osmotic pressure. Once the mid-region
surrounded by the two semi-permeable mem-
branes appears, all molecules tend to flow into
the mid-region.

5 Example of a dense mixture
with a first-order transition

We present an example of AixG determined
from the molecular dynamics simulation for

The jump in enthalpy suggests a

a mixture of argon and krypton at constant
temperature and constant pressure. The mix-
ture is modeled as three-dimensional Lennard—
Jones liquids. We use the LAMMPS package in
this demonstration. The molecules are packed
in a cuboid whose volume can fluctuate while
keeping an aspect ratio of 21 : 5 : 5 to fix the
value of pressure. The container is periodic in
y and z directions whereas two boundary walls
are set perpendicularly to the z axis.

In detail, the
molecules, argon or krypton, is given by the

interaction of any two

Lennard—Jones potential,

smen =)~ ()] o

with a cutoff length r. = 3ok,. For the argon
pair, oa; = 3.401 A and e, = 0.2321 keal /mol,
whereas og; = 3.601 A, ex, = 0.3270 kcal/mol
for the krypton pair [17]. For the pair of argon
and krypton, oy = (0ar + 0kr)/2 = 3.501 A
and earkr = y/€arekr = 0.2755kcal/mol ac-
cording to the Lorentz-Berthelot law [18, 19].
The masses of argon and krypton are ma, =
39.95 g/mol and mg, = 83.80g/mol. We per-
form the molecular dynamics simulations of
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Figure 6: (Left) AnixG for the binary mixture of argon and krypton with N = 500 determined
using (11). (Right) Snapshots of the particle distribution for the mixture of argon (purple) and

krypton (green) for ck, = 0.3, 0.5, and 0.65. The three-dimensional space is projected onto the

two-dimensional space. The original figures are Figs. 7 and 9 in reference [14].

the constant temperature and pressure in T' =
163.15 K and p = 4 MPa by adopting the Nose—
Hoover chain and Martyna—Tobias—Klein baro-
stat [20].

Liquid—vapor transition is observed with an
increasing molar fraction ¢k, = Ng;/N of
the krypton [21].
6 show snapshots of the system’s configura-

The right figures in Fig.

tion in N = 500 after sufficient relaxation for
ckr = 0.3, 0.5, and 0.65. The volume differs
The

number density at ckg, = 0.65 is approximately

greatly among the three values of ck;.

5 times that at ck, = 0.3, and dense and di-
lute regions coexist at cg, = 0.5. Such behav-
iors exhibit the characteristics of liquid—vapor
transition. These observations are consistent
with the previous report in [21].

The alchemical protocol for -calculating
A4G is designed as follows: We take the ini-
tial pure substance as being argon in Fig. 5(a).
Then, change the value of (m,o,€) related to
the first n molecules from those of argon to
krypton gradually in time. The snapshots of
the system may be observed as Fig. 5(b) and
(c).

are hypothetical, not argon or krypton. Even

Here, the molecules during the protocol

in a single trajectory, we observe a sudden de-
crease in enthalpy and volume as shown in
Fig. 5. The equilibrium state for the hypo-

thetical system changes to liquid as shown in
Fig. 5(d).

Calculating both A.G and Ax,x:G, the
resulting mixing free energy ApnixG is shown
in Fig. 6 for N = 500.
double-well shape and is convex upwards in

The curve has a

the approximate range of 0.35 < ¢k, < 0.55
showing the liquid—vapor coexistence. We thus
conclude that the functional shape of A G
well characterizes the liquid—vapor transition
for the argon—krypton mixture. Our formula
(11) works as a quantitative method for deter-
mining the mixing Gibbs free energy.

The main term of the finite-size effects is of
In N, which is about 1% of N at N = 500. This
may affect thermodynamic properties. Indeed,
the upward convexity in AnixG is not expected
in the thermodynamic limit. To examine the
system size dependence of A G, we have per-
formed the same calculations for N = 4,000
and N = 13,000. As the system size becomes
larger, we find longer relaxation time. Espe-
cially when the trajectory passes through a
transition from gas to liquid or from liquid to
gas as demonstrated in Fig. 5, the relaxation
time becomes significantly longer.

In the present temperature and pressure, the
pure argon behaves as gas while the pure kryp-
ton does as liquid. Depending on the mole
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Figure 7: AnixG for the binary mixture of ar-
gon and krypton with N = 4,000 determined
using (11). The circle points are calculated
adopting the initial pure material as argon gas,
whereas the initial pure material is chosen as

krypton liquid in the cross points.

fraction ck, of the target mixture, the final
state is different, i.e., gas, liquid, or liquid-
gas coexistence. Suppose we choose the initial
pure material as krypton when the target mix-
ture is gas. Each trajectory shows a transition
from liquid to gas as in Fig. 5, which may in-
duce hysteresis. This transition may depend
on the trajectory and is likely to show hys-
teresis. Then, the calculated results may not
belong to equilibrium properties. To examine
such a possibility, we compare two initial con-
ditions; one starts from the pure argon and the
other is from the pure krypton. The former
is from gas and the latter is from liquid. As
shown in Fig. 7, the obtained AnixG depends
on the initial condition in N = 4, 000.

Such differences do not appear in N = 500.
This is because the fluctuations seem large
enough to pass all typical equilibrium configu-
rations when N = 500. By choosing the initial
pure material properly, i.e., as the initial mate-

rial is in the same phase as the target mixture,
we avoid the difficulty due to the hysteresis.
The red line in Fig.7 is drawn by choosing the
results without experiencing transition. Com-
paring with Fig. 6, we find that A,;xG in small
cky 18 slightly smaller with increasing N. As a
result, the upward convexity seems to become
flattened with increasing the system size N.
The obtained ApixG would be reliable.
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