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1 Introduction

Insulating magnets that remain disordered

even at zero temperature due to strong quan-

tum fluctuations are known as quantum spin

liquids (QSLs). They have been the subject

of extensive research since the pioneering pro-

posal by P. W. Anderson [1]. In particular, the

Kitaev model has garnered significant atten-

tion in recent years, as it provides an exactly

solvable QSL ground state and offers promis-

ing applications in topological quantum com-

puting [2].

The Kitaev model is an S = 1/2 quan-

tum spin system with bond-dependent Ising-

type interactions on a two-dimensional hon-

eycomb lattice [3, 4]. Elementary excitations

in this model are characterized by the frac-

tionalization of spin degrees of freedom into

two types of quasiparticles: itinerant Majo-

rana fermions and localized excitations known

as visons. When a weak magnetic field is ap-

plied, an energy gap opens in the Majorana

fermion spectrum, stabilizing a chiral spin liq-

uid. In this phase, each vison hosts a zero-

energy state of a Majorana fermion, referred

to as a Majorana zero mode. The compos-

ite particle formed by a vison and its associ-

ated Majorana zero mode behaves as a non-

Abelian anyon, obeying exotic exchange statis-

tics distinct from those of bosons or fermions

and serving as a fundamental building block

for topological quantum computation.

To utilize such non-Abelian anyons for quan-

tum computation, it is essential not only to

observe them but also to enable their cre-

ation, manipulation, and annihilation in a well-

controlled manner. While theoretical studies

have proposed methods to detect the spatial

positions of these anyons [5, 6], less is known

for their real-time dynamics. Since the Kitaev

model is a quantum spin model, the control

of non-Abelian anyons might be achieved by

applying external magnetic fields.

In this report, we explore the possibility

of vison control by numerically simulating

the time evolution of excited states in QSLs.

In our previous studies, we introduced time-

dependent local magnetic fields to achieve vi-

son control and performed numerical simula-

tions of the corresponding dynamics [7]. We

also demonstrated the importance of includ-

ing energy relaxation processes to stabilize

such control, where energy dissipation can sup-

press the smearing of the vison wave func-

tion accompanied by a Majorana zero mode,

thereby enabling stable manipulation of non-

Abelian anyons [8]. In addition to review-

ing these findings, we present a detailed anal-

ysis of the time evolution of the total en-

ergy and demonstrate that two distinct time

scales emerge, attributed to spin fractionaliza-

tion into two quasiparticles during the energy

relaxation process.

2 Model

The Kitaev model, proposed by A. Kitaev [2],

is a quantum spin model with S = 1/2 spins
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Figure 1: (a) Schematic illustration of the lat-

tice structure on which the Kitaev model is

defined. Green, blue, and red lines represent

the x, y, and z bonds, respectively. Filled

and open circles are sites belonging to the A

and B sublattices, respectively. (b) Schematic

picture of the Z2 flux operator Wp defined

on the hexagonal plaquette p and its Jordan-

Wigner transformation representation, where

Majorana fermions cj and c̄j , which are rep-

resented by orange an red circles, respectively,

are introduced at each site. The Z2 variable ηr
is defined on each z bond r.

defined on a honeycomb lattice, as shown in

Fig. 1(a), and its Hamiltonian is given by

HK =

− J
∑
⟨ij⟩x

Sx
i S

x
j − J

∑
⟨ij⟩y

Sy
i S

y
j − J

∑
⟨ij⟩z

Sz
i S

z
j ,

(1)

where J is the coupling constant for the three

types of bonds, and ⟨ij⟩γ denotes the nearest-

neighbor sites connected by the bond γ =

x, y, z [see Fig. 1(a)]. Note that the honeycomb

lattice can be decomposed into two sublattices,

A and B, as shown in Fig. 1(b).

To solve this model, we apply the Jordan-

Wigner transformation, which maps the spin

operators to Majorana fermions cj and c̄j ,

as follows: Sx
j = 1

2cjτj , Sy
j = −1

2 c̄jτj , and

Sz
j = i

2cj c̄j for j belonging to the A sublattice,

and Sx
j = 1

2 c̄jτj , S
y
j = −1

2cjτj , and Sz
j = i

2 c̄jcj
for j belonging to the B sublattice, where τj =

∏
j′<j(−2Sz

j′) [9–14]. This transformation is

schematically illustrated in Fig. 1(c). Using

this transformation, the Hamiltonian can be

expressed in terms of Majorana fermions as fol-

lows:

HK =

− iJx
4

∑
⟨ij⟩x

cicj −
iJy
4

∑
⟨ij⟩y

cicj −
iJz
4

∑
⟨ij⟩z

ηrcicj ,

(2)

where r is the label of the z-bond, and ηr =

ic̄ic̄j is a Z2 variable taking values of ±1, de-
fined on each z-bond.

In this model, there is a conserved Z2 quan-

tity called fluxWp on each hexagonal plaquette

p, defined by the product of the spin operators

as

Wp = 26
∏
j∈p

Sγ
j , (3)

where the component γ is determined as shown

in Fig. 1(b). Moreover, this quantity can be

expressed as Wp =
∏

r∈p ηr, indicating that

the flux is written solely in terms of {c̄j} and
is independent of the Majorana fermions {cj}.
Since [HK ,Wp] = [HK , ηr] = 0, the eigenstates

of the Hamiltonian can be classified by the

eigenvalues of Wp, which take values ±1, or

equivalently by those of ηr. The ground state

of the Hamiltonian belongs to the sector with

Wp = 1 for all p, which is called the flux-free

sector [2, 15]. Flux sectors with Wp = −1 cor-

respond to excited states of the system, and

each flux with Wp = −1 is regarded as a local

excitation. This excitation is called a vison.

Here, we apply a uniform magnetic field to

HK . Unfortunately, magnetic fields violate the

exact solvability of the model since they do not

commute with the flux operator Wp. To avoid

this difficulty, Kitaev introduced a weak mag-

netic field term Hκ using third-order perturba-

tion theory [2]:

Hκ = −κ
∑

⟨⟨jj′j′′⟩⟩γγ′γ′′

Sγ
j S

γ′

j′ S
γ′′

j′′ , (4)
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where ⟨⟨jj′j′′⟩⟩γγ′γ′′ denotes three neighbor-

ing sites connected by γ and γ′′ bonds, and

γ′ is chosen to be distinct from both γ and

γ′′. In the Majorana representation, Hκ

corresponds to next-nearest-neighbor hopping

terms of {cj}. This leads to nonzero Chern

numbers for the itinerant Majorana fermions

{cj}, resulting in the emergence of chiral Ma-

jorana edge states and the quantization of the

thermal Hall conductance in the zero-flux sec-

tor [2]. Additionally, when visons are excited,

each vison is accompanied by a Majorana zero

mode, which is a zero-energy state of Majo-

rana fermions. We attempt to manipulate vi-

sons with Majorana zero modes by applying a

local magnetic field to the system in addition

to the uniform field Hκ. To this end, we intro-

duce a time-dependent local field term Hh to

the Hamiltonian as follows:

H = HK +Hκ +Hh, (5)

where Hh is given by

Hh = −
∑
j

hj(t)S
z
j . (6)

3 Time-dependent mean-field

theory

In the presence of the magnetic field Hh,

the Hamiltonian H does not commute with

the flux operator Wp, and visons can propa-

gate throughout the system. This situation

also indicates that the Majorana fermions {c̄j}
are no longer localized, and we must treat

terms like cicjηr as interactions between c-

and c̄-Majorana fermions, as seen, for exam-

ple, in the last term of Eq. (2). To ac-

count for the interaction effects, we employ

a time-dependent mean-field theory. In this

framework, the term ic̄ic̄jicicj is decoupled

as ⟨ic̄ic̄j⟩icicj + ic̄ic̄j⟨icicj⟩ − ⟨icic̄j⟩icj c̄j −
icic̄j⟨icj c̄j⟩+ ⟨icic̄j⟩icj c̄i + icic̄j⟨icj c̄i⟩+ const.

Using this decoupling, we can express the

Hamiltonian in a quadratic form of Majorana

(a) (b)

Figure 2: Schematic illustration of the vison

excited on the plaquette at the center of the

cluster. This vison configuration is realized by

setting ηr = −1 for the z bonds intersecting

with the blue line.

fermions as

HMF =
i

4

∑
ll′

γlAll′γl′ + C, (7)

where {γl} = {c1, c2, · · · , cN , c̄1, · · · , c̄N}, N

is the number of sites in the system, A is a

2N × 2N skew symmetric matrix, and C is a

constant term independent of {γl}.
To diagonalize the Hamiltonian, we adopt

the Schur decomposition method for the skew-

symmetric matrix A. In this decomposition,

the matrix A is transformed into a block di-

agonal form by a real orthogonal matrix Q as

follows:

QTAQ =



0 ε1
−ε1 0

0 ε2
−ε2 0

. . .
. . .

0 εN
−εN 0

. (8)

In each block, the matrix QTAQ can be diag-

onalized, and each eigenvalue ελ is paired with

its negative counterpart, −ελ.
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In the present calculations, we consider the

hexagon cluster shown in Fig. 2. We assume

that hj(t) = 0 at the initial time t = 0, and

introduce a vison excitation in the initial state

of the system. To realize this configuration, we

set ηr = −1 for the z bonds intersecting with

the blue line shown in Fig. 2.

We calculate the time evolution based on the

mean-field Hamiltonian HMF. The wave func-

tion |Ψ(t)⟩ obeys the Schrödinger equation, ex-
pressed as

i
∂

∂t
|Ψ(t)⟩ = HMF(t) |Ψ(t)⟩ . (9)

Here, we introduce the density matrix ρll′(t),

defined as

ρll′(t) =
1

2
⟨Ψ(t)| γl′γl |Ψ(t)⟩ . (10)

From Eq. (9), we derive the following von Neu-

mann equation:

∂ρ

∂t
= [A, ρ]. (11)

We evaluate the time evolution of the mean

fields ⟨Ψ(t)| γl′γl |Ψ(t)⟩ using this equation.

Note that, since A is a sparse matrix, the

commutator [A, ρ] can be computed efficiently

even when the system size becomes large [16–

18]. In this study, we employ the fourth-

order Runge-Kutta method with a time step

of ∆t/J−1 = 0.01 for the time evolution.

4 Relaxation time approxima-

tion

To achieve long-range and long-time control of

non-Abelian anyons in realistic setups, it is es-

sential to suppress both the excitation of Ma-

jorana fermions and the spreading of the vi-

son wave function. This can be achieved by

allowing the energy injected by applied mag-

netic fields to dissipate from the system [8].

In this work, we incorporate the effect of en-

ergy dissipation into the system by considering

coupling to an external environment, which is

inevitably present in any real system. Specifi-

cally, we modify the original equation given in

Eq. (11) into the following form:

∂ρ

∂t
− [A, ρ] = I[ρ] (12)

Here, the newly introduced term I[ρ] repre-

sents a quantum-mechanical scattering term.

We assume that the system is coupled to a

thermal bath at sufficiently low temperature,

and that this term drives the system toward

lower energy by dissipating excess energy into

the environment.

Regarding the timescale of relaxation, we as-

sume that the relaxation to the instantaneous

ground state of HMF, determined by the mean

fields at time t, occurs much faster than the

relaxation to the true ground state of the en-

tire system, which does not contain any visons.

Within this timescale, it is sufficient to con-

sider only the former relaxation process. Un-

der this assumption, we adopt a relaxation-

time approximation for the scattering term I[ρ]

in Eq. (12), where the system instantaneously

relaxes toward ρg(t), the density matrix of the

ground state of the instantaneous Hamiltonian

HMF(t) at time t. In the relaxation-time ap-

proximation, the scattering term is expressed

as

∂ρ

∂t
− [A, ρ] = −ρ(t)− ρg(t)

τ
, (13)

where τ is the relaxation time.

5 Results

In this section, we present the results of the

time evolution from the initial state containing

a vison in the system. Numerical calculations

are performed in a hexagonal cluster with N =

726.

5.1 Effect of relaxation time

First, we discuss the effect of the relaxation

time τ on the time evolution of the system.

We prepare the initial state with a vison at the
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Figure 3: Schematic illustration of the initial

state with a vison at the plaquette L with

WL = −1. The site j0 at which the local mag-

netic field is applied is also presented. By ap-

plying the local field, the vison is expected to

move to the right neighboring plaquette R.

center of the cluster and apply a local magnetic

field at the upper right site j0 of the plaque-

tte with Wp = −1, as presented in Fig. 3. By

applying the local magnetic field, the vison is

expected to move to the right neighboring pla-

quette p′ = R. We also refer to the plaquette

p where the vison is initially located as p = L.

The time dependent local magnetic field at site

j0 is chosen as hj0(t) = Aθ(t)θ(tmax−t), where

θ(t) is the Heaviside step function and tmax

is the time when the magnetic field is turned

off. In this situation, ⟨WL⟩+ ⟨WR⟩ = 0 is sat-

isfied, and the local field is turned off when

⟨WL⟩ = ⟨WR⟩ = 0. Note that the flux op-

erators WL and WR are conserved quantities

when hj0 = 0, and their expectation values are

time-dependent only when A ̸= 0. Based on

the previous study [19], we set the relaxation

time τ to be in the range of 10 ≲ τ/J−1 ≲ 50.

We also introduce Dp = (1 − ⟨Wp⟩)/2, which
corresponds to the vison density at plaquette

p.

Figure 4(a) shows the time evolution of the

vison density with κ/J = 0.1 and τ/J−1 = 20,
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Figure 4: Time evolution of (a) the vison den-

sity at the plaquette L and R (see Fig. 3), (b)

the total energy E(t), and the relaxation time

τs(t), by applying a local magnetic field with

A/J = 0.08 at the site j0 in the system with

N = 726 and κ/J = 0.10 in the presence of

energy dissipation with the several relaxation

times.

30, 50, and ∞ in the presence of a time-

dependent local magnetic field with A/J =

0.08. In the case of τ =∞, which corresponds

to the situation without relaxation, the vison

density does not change after tmax. This result

suggests that the vison is delocalized over both
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the L and R plaquettes when relaxation is not

taken into account. On the other hand, for

finite values of τ , the vison density Dp tends

to become localized at the right plaquette R

after the magnetic field is turned off. The re-

laxation proceeds more rapidly for smaller val-

ues of τ . Note that the vison density Dp at

plaquette R approaches 1 in the presence of

relaxation. Based on these results, one can

interpret that, in the presence of energy re-

laxation, spatially extended visons are ener-

getically unstable, which is consistent with a

previous study [20], and that an excited vison

gradually shrinks into one of the plaquettes as

the system relaxes.

To investigate the time evolution of the sys-

tem in more detail, we also analyze the to-

tal energy E(t), which is defined as E(t) =

⟨Ψ(t)|H |Ψ(t)⟩ /N . Figure 4(b) shows E(t) −
E(0) as a function of t for τ = 20, 30, 50, and

∞. In the case without relaxation (τ = ∞),

the total energy is conserved when the mag-

netic field remains unchanged. In the presence

of relaxation, the total energy decreases before

the local magnetic field is turned off. The en-

ergy reduction is more pronounced for smaller

τ . At t = tmax, the total energy abruptly in-

creases due to the loss of energy gain from the

Zeeman term Hh, similarly to the case with-

out relaxation. In the presence of relaxation,

the total energy gradually decreases after the

abrupt increase. We find that the energy re-

laxation proceeds in two distinct stages.

Immediately after the magnetic field is

turned off, energy relaxation begins. During

this period, as shown in Fig. 4(a), the vison

densities Dp for p = L,R remain nearly con-

stant, suggesting that energy dissipation orig-

inates primarily from the itinerant Majorana

fermion systems. Subsequently, a further de-

crease in the total energy is observed. Accord-

ing to Fig. 4(a), this energy reduction is accom-

panied by the localization of the vison at po-

sition R. At this stage, the energy approaches

its initial value.

To quantitatively discuss the relaxation pro-

cess, we introduce the relaxation time τs(t) es-

timated from E(t), which is defined as

1

τs(t)
=

∣∣∣∣ ddt ln
(
dE(t)

dt

)∣∣∣∣ = ∣∣∣∣ 1

dE(t)/dt

d2E

dt2

∣∣∣∣ .
(14)

Figure 4(c) shows the time evolution of τs(t)

for τ = 20, 30, and 50. In the initial stage

of the energy relaxation, τs(t) remains almost

constant and is approximately equal to τ , sug-

gesting that the energy relaxation of the itin-

erant Majorana fermion system is governed by

the relaxation time τ . In the subsequent stage

of the energy relaxation, τs(t) exceeds τ , in-

dicating that the energy relaxation of the vi-

son system proceeds more slowly than the re-

laxation time τ . Therefore, we conclude that

the energy relaxation of Majorana fermions is

clearly distinct from that of visons, and that

the relaxation process can be divided into two

stages, corresponding to different quasiparti-

cles.

5.2 Comparison with the energy-

conserving system

In the previous section, we showed that en-

ergy relaxation can localize the vison by ap-

plying an atomic-scale local magnetic field. To

demonstrate vison manipulation in more real-

istic situations, we consider the case in which

a local magnetic field is applied over wider re-

gions. We perform numerical simulations in

a system with N = 726 and κ/J = 0.05, and

prepare the initial state with a vison, as shown

in Figs. 5(a) and 5(b). The time evolution

of the system is computed in the presence of

a time-dependent local magnetic field applied

to the sites indicated by yellow circles in these

figures. The time dependence of the local mag-

netic field is modeled as a Gaussian function,

which is shown on the right side of Fig. 5. In

this figure, we present the time evolution of the

system in the absence of relaxation (left side)

and in the presence of relaxation (right side).
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Figure 5: Comparison of the time evolution

of vison driving by applying a time-dependent

magnetic field in the system including N = 726

with κ/J = 0.05 in the absence and presence of

energy dissipation. The time-dependent local

field is applied to the sites indicated by yellow

circles in (a) and (b). The time dependence of

the local magnetic field hj(t) is shown on the

right side. (a),(c) Initial and finnal states of

the vison distribution without energy dissipa-

tion, and (b),(d) those with energy dissipation

(τ = 50).

Figures 5(a) and 5(c) show vison distribu-

tions of the initial and final states in the ab-

sence of relaxation. The figures between them

show the time evolution of ⟨Wp⟩ for the pla-

quettes p that are crossed by the line Y = 0.

When the amplitude of the local magnetic field

reaches its maximum value, the vison is ex-

tended over the region where the local mag-

netic field is applied. After the local field ap-

proaches zero, the vison moves to the right

side and becomes localized. As presented in

Fig. 5(c), the vison is not well localized and its

distribution is slightly extended. This is due

to the energy injection by the local magnetic

field, which is not compensated by energy re-

laxation.

On the other hand, in the case with relax-

ation, the vison is displaced by the applica-

tion of the time-dependent local field and be-

comes well localized in the final state, as shown

in Fig. 5(d), which is in stark contrast to the

case without relaxation. This localized behav-

ior is due to energy dissipation by the relax-

ation term, suggesting that energy relaxation

is essential for the manipulation of visons.

6 Conclusion

In summary, we have investigated the time

evolution of vison excitations driven by a time-

dependent local magnetic field in the Kitaev

model with energy dissipation. We performed

numerical simulations of the time evolution for

an excited vison using time-dependent mean-

field theory and the relaxation time approxi-

mation. Our results show that the energy re-

laxation process can be divided into two dis-

tinct stages, corresponding to the relaxation

of Majorana fermions and visons, respectively.

Furthermore, we demonstrated that energy re-

laxation is essential for vison manipulation,

and that visons can be localized by applying a

time-dependent local magnetic field when en-

ergy dissipation is taken into account.
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