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I. INTRODUCTION

Strongly correlated quantum materials

have long attracted attention as a class of ma-

terials that not only are of fundamental scien-

tific interest, exhibiting intriguing phenomena

such as high-temperature superconductivity,

quantum spin liquids, and topological trans-

port, but also hold potential for applications

in advanced technologies [1–17]. To search for

novel candidate materials with new function-

alities or high performance, it is important

to elucidate the microscopic mechanisms un-

derlying these phenomena. This requires ac-

curate methods for analyzing quantum many-

body problems. Therefore, the development of

high-accuracy methods, and of software imple-

menting such methods, is progressing rapidly

worldwide.

The variational Monte Carlo (VMC)

method is a numerical method for analyzing

such quantum many-body systems [18]. As its

name suggests, VMC optimizes a trial wave-

function parameterized by variational param-

eters based on the variational principle, and

then evaluates the expectation values of phys-

ical quantities via Monte Carlo sampling us-

ing the optimized trial wavefunction. Start-

ing from many-body problems in liquid he-

lium [19, 20], VMC has been applied to a

wide range of many-body systems, including

quantum lattice models such as the Hubbard

model [21–23]. Although VMC has long been

used for ground-state analysis, in recent years

it has also been extended to nonequilibrium

states [24–27], finite-temperature states [28,

29], open quantum systems [30–33], and ex-

citation spectra [34–38], and its scope of appli-

cation continues to expand.

The enhanced flexibility of VMC has been

driven by improvements in computational re-

sources, development and extension of meth-

ods and algorithms, and refinement of trial

wavefunctions. An example of a VMC trial

wavefunction capable of treating strongly cor-

related quantum materials is the pair-product

wavefunction equipped with many-body corre-

lation factors [39–41]. By introducing a large

number of variational parameters not only into

the many-body correlation factors but also into

the pair-product wavefunction, one can rep-

resent a variety of quantum states including

unconventional superconducting states, quan-

tum spin liquids, magnetic states, and corre-

lated metals. Furthermore, one can system-

atically improve the accuracy by employing

tensor-network or neural-network representa-

tions of many-body correlation factors, thereby

enabling high-accuracy analyses [42, 43]. In-

deed, this type of wavefunction has been ap-

plied to strongly correlated quantum materi-

als such as cuprate high-temperature super-

conductors, iron-based superconductors, and

molecular solids, and its usefulness has been

demonstrated [44–50].

In this report, we present our recent VMC

analyses of quantum many-body systems that

exhibit topological states, using the pair-

product wavefunction. In Sec. II, we sum-

marize the methods we employed, namely the

VMC method and the pair-product wavefunc-

tion. Section III presents the VMC results

for a frustrated Kondo lattice model [51] and

the Kitaev-Kondo model. Finally, we devote

Sec. IV to a summary of the results and discuss

future prospects related to this topic, includ-

ing the implementation of developed methods

into open source software.
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II. METHOD

A. Variational Monte Carlo method

In VMC, the expectation value of an oper-

ator A is evaluated by Monte Carlo sampling

using a trial wavefunction |ψα⟩ parameterized

by variational parameters α as follows:

⟨A⟩ = ⟨ψα|A|ψα⟩
⟨ψα|ψα⟩

=
∑
x

ρ(x)A(x) ≈ 1

NMC

NMC∑
i=1

A(xi), (1)

ρ(x) =
| ⟨x|ψα⟩ |2

⟨ψα|ψα⟩
, A(x) =

⟨x|A|ψα⟩
⟨x|ψα⟩

. (2)

Here, NMC is the number of Monte Carlo sam-

ples, and |x⟩ denotes a real-space configura-

tion of electrons or spins. Since ρ(x) satis-

fies
∑

x ρ(x) = 1 and ρ(x) ≥ 0, it can be

regarded as a probability distribution. Pro-

vided that the inner product between the trial

wavefunction and a real-space configuration is

evaluable, real-space samples can be gener-

ated according to the probability distribution

ρ(x) using a Monte Carlo method such as the

Metropolis-Hastings algorithm [52, 53]. Since

Monte Carlo sampling can be parallelized over

multiple independent Markov chains, it can be

performed efficiently on supercomputers.

When the operator A is a physical ob-

servable such as an order parameter or an

equal-time correlation function, A |x⟩ can be

expressed as a linear combination of real-

space configurations. Thus, A(x) can be com-

puted if the overlap integrals between the trial

wavefunction and real-space configurations are

evaluable. On the other hand, dynamical cor-

relation functions involve a resolvent opera-

tor and thus cannot be expressed straightfor-

wardly in terms of real-space configurations.

To compute excitation spectra such as the

optical conductivity and dynamical structure

factors, one has to utilize methods such as

Fourier-transforming a physical quantity ob-

tained by real-time evolution, and evaluating

the Lehmann representation on the subspace

spanned by trial excited states [34–38].

The variational parameters α can be opti-

mized efficiently by the stochastic reconfigu-

ration (SR) method [54], which is essentially

equivalent to the natural gradient method, an

optimization method in the field of machine

learning [55].

B. Pair-product wavefunction with

correlation factors

The pair-product wavefunction with many-

body correlation factors is a trial wavefunction

that can be flexibly applied to a wide range

of quantum many-body systems [39–41]. The

form of the wavefunction is defined as

|ψα⟩ = P |ϕ⟩ . (3)

Here, P denotes a many-body correlation fac-

tor, and |ϕ⟩ is the pair-product wavefunction

represented as

|ϕ⟩ =

∑
i,j

∑
σi,σj

fiσijσjc
†
iσi
c†jσj

N/2

|0⟩ , (4)

where N is the number of fermions, i and j are

site indices, σi and σj are spin indices, and c†iσi

is the creation operator with spin index σi at

site i. The pairing amplitude fiσijσj contained

in the pair-product wavefunction is treated as a

variational parameter. The many-body corre-

lation factor P is often constructed as a prod-

uct of several correlation factors. The most

conventional one is the Gutzwiller-Jastrow cor-

relation factor [56, 57]:

P = PGPJ, (5)

PG = exp

(
g
∑
i

ni↑ni↓

)
, (6)

PJ = exp

1

2

∑
i̸=j

vijninj

 . (7)

Here, niσ = c†iσciσ, ni = ni↑ + ni↓, and g and

vij are variational parameters. Although these

Activity Report 2025 / Supercomputer Center, Institute for Solid State Physics, The University of Tokyo

24



many-body correlation factors contain opera-

tors in their exponents, most of them are diag-

onal with respect to real-space configurations,

so their inner products with real-space con-

figurations are easily computed. The inner

product between the pair-product wavefunc-

tion and a real-space configuration can also be

evaluated using the Pfaffian, a standard op-

eration in linear algebra on skew-symmetric

matrices, by exploiting the fact that fiσijσj −
fjσjiσi forms a skew-symmetric matrix as a

consequence of the fermion anticommutation

relations. The trial wavefunction described

above can therefore be handled within the

VMC method.

III. APPLICATION TO TOPOLOGICAL

MAGNETS

A. Kondo lattice model on the triangular

lattice

We first present the VMC study of a mag-

netic topological state that emerges in the

Kondo lattice model on the triangular lat-

tice [51]. The Kondo lattice model is defined as

a model in which localized spins and conduc-

tion electrons are coupled through the Kondo

coupling, as follows:

HKondo = −t
∑
⟨i,j⟩,σ

(
c†iσccjσc + h.c.

)
+ J

∑
i

Sic · Sis, (8)

Siλ =
1

2

∑
σ,σ′

c†iσλσσσ′ciσ′λ (9)

Here, λ is an index distinguishing the conduc-

tion electrons (c) and the localized spins (s),

c†iσλ/ciσλ are the fermion creation/annihilation

operators with spin index σ at site i in λ layer,

Siλ is the spin operator at site i in λ layer, and

σ denotes the Pauli matrices. The fermion

operators c†iσs/ciσs representing the localized

spins are called Abrikosov fermions [58]. Note

that the Hilbert space of the localized spins

under the Abrikosov fermion representation is

enlarged compared to the original one. The

ground state in the physical Hilbert space can

be obtained by applying the Gutzwiller pro-

jection to exclude unphysical states, i.e., dou-

ble occupancy and vacancy of the Abrikosov

fermions at each site. ⟨i, j⟩ denotes a pair of

neighboring sites. In addition, t is the hopping

amplitude of the conduction electrons, and J

is the Kondo coupling [59]. The Kondo cou-

pling in the Kondo lattice model gives rise to

the Ruderman-Kittel-Kasuya-Yosida (RKKY)

interaction [60–62], a long-range effective mag-

netic interaction, and to the formation of

Kondo singlets between the conduction elec-

trons and the localized spins. The competi-

tion between these two effects has been shown

to realize various intriguing quantum states,

such as nonmagnetic Kondo insulators, mag-

netic phases accompanied by charge order, and

unconventional superconductivity [63–72].

The Kondo lattice model has long been re-

garded as a representative effective model for

heavy-fermion systems [68–72], but in recent

years it has also attracted attention as a plat-

form on which topological states such as topo-

logical insulators emerge [73–81]. It has been

proposed theoretically that topological states

are realized when the localized spins form a

noncoplanar magnetic structure [73], and it

has been pointed out that such states are in-

deed realized in Kondo lattice models with ge-

ometrical frustration, as represented by the tri-

angular lattice [74–77]. However, most of these

studies treat the localized spins in the classi-

cal limit, and it has been unclear whether such

topological states remain stable when the lo-

calized spins are treated as quantum spins.

Using the variational Monte Carlo method,

we analyze the Kondo lattice model on the tri-

angular lattice at quarter filling up to a system

size of L = 16, where L is the linear dimension

of the system [51]. Preparing various magnetic

states as initial states of the trial wavefunction

and optimizing them, we find that a state with

a noncoplanar triple-Q magnetic structure is
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FIG. 1. J dependence of the magnetic order pa-

rameters of the localized spins and the conduction

electrons for L = 16. Open and filled symbols rep-

resent the results for the conduction electrons and

the localized spins, respectively. Shaded areas are

guides to the eye for visualizing regions where the

triple-Q state, the ferromagnetic state, and other

magnetic states are stabilized. On top of the fig-

ure, the ground state in each region is labeled, and

the schematic pictures of the spin configurations in

the triple-Q state and the ferromagnetic state are

also shown. Adapted from Ref. [51] with modifica-

tions for the present report.

most stable for 2 ≲ J/t ≲ 3.5, a ferromagnetic

state for 3.5 ≲ J/t, and other magnetic states

for J/t ≲ 2. Figure 1 shows the J dependence

of the magnetic order parameters of the local-

ized spins and the conduction electrons. The

results for the ferromagnetic state are plotted

where it is most stable, and those for the triple-

Q state for the other values of J/t. We can see

typical behavior in the Kondo lattice model:

the formation of conduction-electron spin or-

der due to the RKKY interaction, and the re-

duction of the localized spin moments due to

Kondo screening. We also confirm that the

triple-Q state is an insulator from the doping

dependence of the chemical potential.

Previous studies in the classical limit have

shown that the noncoplanar triple-Q magnetic

insulator is a Chern insulator [76, 77], which is

a type of topological insulator characterized by

a nonzero Chern number. Because the triple-

Q state we obtain is represented by the many-

body wavefunction defined by Eq. (3), which

goes beyond a mean-field treatment, it is desir-

able to directly compute a many-body topolog-

ical number to determine whether it is a topo-

logical insulator or not. To address this, we

extend to the VMC method a numerical ap-

proach for computing the many-body Chern

number C using the twist operator [82, 83].

In previous studies, it has been pointed out

that, by introducing a flux θx into the hopping

terms along the x direction, the slope, with re-

spect to the flux θx, of the argument of the

expectation value of the twist operator along

the y direction defined below corresponds to

the many-body Chern number C:

Ty = exp

i2π
L

∑
j

yjnjc

 (10)

Here, yj is the y-coordinate of site j, and njc is

the number operator for the conduction elec-

trons at site j. Although the twist opera-

tor is an exponential operator containing the

electron-number operator, it is diagonal with

respect to real-space configurations and can

therefore be measured easily in VMC.

Figure 2 shows the flux dependence of the

argument for the triple-Q insulator and for a

nonmagnetic Kondo insulator on the square

lattice at half filling. For the Kondo insula-

tor, the argument does not change with the

flux, indicating that it is topologically trivial.

In contrast, for the triple-Q insulator the ar-

gument increases linearly with the flux, which

indicates that it is indeed a topologically non-

trivial many-body Chern insulator with C = 1.

B. Kitaev-Kondo model

Next, we present results on the Kitaev-

Kondo model, where the Kitaev model on the

honeycomb lattice is coupled to a conduction-

electron layer via the Kondo coupling [84–87].

The Kitaev model is a system whose ground

state is a topological quantum spin liquid, the

Kitaev spin liquid, in which Majorana fermions

relevant to topological quantum computation
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FIG. 2. Flux dependence of the argument of the

expectation value of the twist operator. Open and

filled symbols represent the results for the triple-Q

insulator on the triangular lattice at quarter fill-

ing and the Kondo insulator on the square lattice

at half filling, respectively. Shapes of the symbols

represent different system sizes. Black lines are

guides to the eye. Inset shows a schematic picture

of the flux insertion θx and the twist operator Ty.

Adapted from Ref. [51] with modifications for the

present report.

emerge [88]. Its Hamiltonian is defined as fol-

lows:

HKitaev = K
∑

γ=x,y,z

∑
⟨i,j⟩γ

Sγ
i S

γ
j (11)

Here, Sγ
i is the γ component of the spin oper-

ator at site i, and ⟨i, j⟩γ indicates that sites i

and j are on a γ bond. K denotes the strength

of the Kitaev interaction.

Although the Kitaev model is a many-body

problem when viewed in terms of the spin de-

grees of freedom, it is known to be exactly solv-

able by expressing the spin degrees of freedom

in an alternative representation and exploiting

the existence of conserved quantities such as

the flux operator, as explained later. For in-

stance, in Kitaev’s original paper, a spin with

a two-dimensional local Hilbert space is rep-

resented by four Majorana fermions [88]. Al-

though the introduction of Majorana fermions

enlarges the Hilbert space beyond the original

one, it was shown that the true ground state

can be expressed as the ground state of the

free Majorana fermions with a projection onto

the original Hilbert space. The model can also

be solved using a representation based on the

Jordan-Wigner transformation [89, 90].

In fact, it has been pointed out that the

Abrikosov fermion representation introduced

in the previous section and the Kitaev Ma-

jorana representation can be connected by a

simple transformation matrix [91–94]. Using

this, one can construct a Gutzwiller-projected

wavefunction in the Abrikosov fermion repre-

sentation corresponding to the exact Kitaev

spin liquid state because the Gutzwiller fac-

tor used in VMC projects onto the physical

Hilbert space.

Building on this, we use VMC to analyze

the Kitaev-Kondo model on the honeycomb

lattice at half filling, namely the model in

which the conduction layer and the Kitaev

model as the localized spin layer are coupled

through the Kondo coupling,

HKitaev-Kondo = HKondo +HKitaev. (12)

To clarify physical properties of the Kitaev-

Kondo model, we measure the magnetic or-

der parameter and the site-averaged on-site

Kondo-singlet correlation ⟨Sc · Ss⟩, which are

typical physical quantities characterizing the

ground state of the Kondo lattice model. We

also compute the expectation value of the flux

operator defined on each hexagonal plaquette

of the honeycomb lattice, Wp =
∏

i∈p 2S
γi
i ,

where the subscripts of S represent the six sites

around the hexagonal plaquette and γi denotes

the bond type of the link at site i that points

outside the plaquette p. This is a conserved

quantity in the Kitaev model, and ⟨Wp⟩ = 1 in

the Kitaev spin liquid.

We first analyze the honeycomb Kondo lat-

tice model with the Kitaev interaction set

to zero, as shown in Fig. 3. As J/t is in-

creased, the magnetic moment of the conduc-

tion electrons |Sc| forms while that of the lo-

calized spins |Ss| decreases. This behavior is

attributed to the magnetically ordered state

generated by the RKKY interaction and the
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FIG. 3. J dependence of physical quantities for the

honeycomb Kondo lattice model. Red open and

filled symbols represent the magnetic order param-

eters of the conduction electrons and the localized

spins, respectively. Blue filled symbols represent

the expectation values of the flux operator on the

localized spin layer. Green open symbols repre-

sent the Kondo-singlet correlation. Shapes of the

symbols represent different system sizes. Schematic

pictures of the Néel state and the Kondo insulator

(KI) are shown on top of the figure. Thin lines and

shaded areas are guides to the eye.

reduction of |Ss| due to Kondo screening. Be-

cause the RKKY interaction on the honeycomb

lattice produces an antiferromagnetic effective

spin interaction, the spin configuration is of

Néel type [95]. As J/t is increased further,

not only the localized-spin order but also the

conduction-electron spin order is suppressed,

and the system undergoes a continuous transi-

tion to a nonmagnetic Kondo insulator around

J/t ∼ 1.75. This is qualitatively consistent

with the results of the same model analyzed

by the quantum Monte Carlo method [96].

Figure 4 shows the J dependence of vari-

ous physical quantities at K/t = 4. For J/t <

1.2, both the magnetic order parameter and

the Kondo-singlet correlation are numerically

nearly zero, and the expectation value of the

flux operator, plotted as the blue filled sym-

bols and characteristic of the Kitaev spin liq-
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 0.5

 0  0.5  1  1.5  2  2.5  3  3.5  4

L=12 L=8 L=6

 FL*  Neel  KI

FIG. 4. J dependence of various physical quan-

tities for the Kitaev-Kondo model for K/t = 4.

Schematic pictures of the fractionalized Fermi liq-

uid (FL*) state, the Néel state, and the Kondo in-

sulator (KI) are shown on top of the figure. Nota-

tions are the same as in Fig. 3.

uid, takes ⟨Wp⟩ = 1. This result suggests that

the conduction layer and the Kitaev layer are

decoupled, which is interpreted as a fractional-

ized Fermi liquid (FL*), as pointed out in pre-

vious studies using mean-field theory [84, 85].

As J/t is increased, the Kondo-singlet correla-

tion eventually forms and ⟨Wp⟩ drops to nearly

zero. For 1.2 < J/t < 2.7, the magnetic order

parameter, plotted as the red open and filled

symbols, remains finite. As in the K/t = 0 re-

sult, the antiferromagnetic state with a Néel

pattern is realized, which is naturally inter-

preted as a result of the RKKY interaction.

Increasing J/t further suppresses the spin or-

der through Kondo screening, and the system

transitions into a nonmagnetic Kondo insula-

tor. An interesting point is that the transition

between the magnetic phase and the Kondo

insulator is first-order-like. Since the Kondo

lattice model exhibits a continuous transition,

this suggests the existence of a quantum tri-

critical point in the K-J phase diagram.
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IV. SUMMARY

In summary, we have presented two anal-

yses of topological magnetic states performed

with the variational Monte Carlo method. In

the first part, we investigate the stability of the

magnetic topological insulator in the Kondo

lattice model on the triangular lattice and pro-

pose the efficient approach to compute the

many-body Chern number in VMC. In the sec-

ond part, we report the VMC analysis of the

ground state in the Kitaev-Kondo model on

the honeycomb lattice.

In the study on the magnetic topological

insulator, we compute the many-body Chern

number from the expectation value of the twist

operator, which is well suited to VMC mea-

surements. As in the present case, the twist

operator can be applied to the measurement

of other topological numbers in addition to

the many-body Chern number. For exam-

ple, in Ref. [97], VMC measurement of the

twist operator is used to compute the many-

body Zak phase. We have recently imple-

mented the twist operator measurement func-

tionality in mVMC [41, 98], open-source soft-

ware developed under the Project for advance-

ment of software usability in materials science

(PASUMS) [99]. Since the twist operator has

also attracted attention as a quantity capa-

ble of detecting other topological phase transi-

tions [100–102], such applications of twist op-

erator measurement to topological states are

expected to further promote the use of mVMC.

As shown in the second study, VMC can

analyze topological quantum spin liquids to-

gether with many-body effects of charge de-

grees of freedom. How topological properties

are affected by the inclusion of charge degrees

of freedom, and whether new exotic states

emerge, are research directions to pursue as

future work.
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